ÅÈÍÉÊÏ ÌÅÔÓÏÂÉÏ ÐÏËÕÔÅŒÍÅÉÏ ÓŒÏËÇ ÇËÅÊÔÑÏËÏÃÙÍ ÌÇŒÁÍÉÊÙÍ ÊÁÉ ÌÇŒÁÍÉÊÙÍ ÕÐÏËÏÃÉÓÔÙÍ ÔÏÌÅÁÓ ÔÅŒÍÏËÏÃÉÁÓ ÐËÇÑÏÖÏÑÉÊÇÓ ÊÁÉ ÕÐÏËÏÃÉÓÔÙÍ ÅÑÃÁÓÔÇÑÉÏ ÕÐÏËÏÃÉÓÔÉÊÙÍ ÓÕÓÔÇÌÁÔÙÍ

ÐáñáëëçëïðïSSçóç Êþäéêá Âñüœùí óå ÁñœéôåêôïíéêÝò ìç Ïìïéüìïñöçò ÐñïóðÝëáóçò ÌíÞìçò (NUMA)

ÄÉÄÁÊÔÏÑÉÊÇ ÄÉÁÔÑÉÂÇ

ÌáñSSá Ã. ÁèáíáóÜêç

ÁèÞíá, ÄåêÝìâñéïò 2005

ÅÈÍÉÊÏ ÌÅÔÓÏÂÉÏ ÐÏËÕÔÅŒÍÅÉÏ ÓŒÏËÇ ÇËÅÊÔÑÏËÏÃÙÍ ÌÇŒÁÍÉÊÙÍ ÊÁÉ ÌÇŒÁÍÉÊÙÍ ÕÐÏËÏÃÉÓÔÙÍ ÔÏÌÅÁÓ ÔÅŒÍÏËÏÃÉÁÓ ÐËÇÑÏÖÏÑÉÊÇÓ ÊÁÉ ÕÐÏËÏÃÉÓÔÙÍ ÅÑÃÁÓÔÇÑÉÏ ÕÐÏËÏÃÉÓÔÉÊÙÍ ÓÕÓÔÇÌÁÔÙÍ

ÐÑÁÊÔÉÊÏ ÅÎÅÔÁÓÇÓ ÄÉÄÁÊÔÏÑÉÊÇÓ ÄÉÁÔÑÉÂÇÓ ôçò ÌáñSSáò Ã. ÁèáíáóÜêç

Äéðëùìáôïýœïõ Çëåêôñïëüãïõ Ìçœáíéêïý êáé Ìçœáíéêïý Õðïëïãéóôþí Å.Ì.Ð. (2001)

ÐáñáëëçëïðïSSçóç Êþäéêá Âñüœùí óå ÁñœéôåêôïíéêÝò ìç Ïìïéüìïñöçò ÐñïóðÝëáóçò ÌíÞìçò (NUMA)

ÔñéìåëÞò ÓõìâïõëåõôéêÞ åðéôñïðÞ: Ðáíáãéþôçò ÔóáíÜêáò, åðéâëÝðùí Ãåþñãéïò ÐáðáêùíóôáíôSSíïõ ÍåêôÜñéïò Êïæýñçò

ÅãêñSSèçêå áðü ôçí åðôáìåëÞ åîåôáóôéêÞ åðéôñïðÞ ôçí ............................................

......................... ......................... ......................... Ð. ÔóáíÜêáò Ã. ÐáðáêùíóôáíôSSíïõ Í. Êïæýñçò ÊáèçãçôÞò Å.Ì.Ð. ÊáèçãçôÞò Å.Ì.Ð. ÅðSSê. ÊáèçãçôÞò Å.Ì.Ð.

......................... ......................... Å. ÆÜœïò Ô. ÓåëëÞò ÊáèçãçôÞò Å.Ì.Ð. ÊáèçãçôÞò Å.Ì.Ð.

......................... ......................... Á. Óõìâþíçò È. ÈåïœÜñçò Áíáðë. ÊáèçãçôÞò Å.Ì.Ð. ÊáèçãçôÞò ÐáíåðéóôçìSSïõ Áèçíþí

ÁèÞíá, ÄåêÝìâñéïò 2005

.................

ÌáñSSá Ã. ÁèáíáóÜêç ÄéäÜêôùñ Çëåêôñïëüãïò Ìçœáíéêüò êáé Ìçœáíéêüò Õðïëïãéóôþí Å.Ì.Ð.

Copyright © ÌáñSSá Ã. ÁèáíáóÜêç, 2005 Ìå åðéöýëáîç ðáíôüò äéêáéþìáôïò - All rights reserved

Áðáãïñåýåôáé ç áíôéãñáöÞ, áðïèÞêåõóç êáé äéáíïìÞ ôçò ðáñïýóáò åñãáóSSáò, åî’ ïëïêëÞñïõ Þ ôìÞìáôïò áõôÞò ãéá åìðïñéêü óêïðü. ÅðéôñÝðåôáé ç áíáôýðùóç, áðïèÞêåõóç êáé äéáíïìÞ ãéá óêïðü ìç êåñäïóêïðéêü, åêðáéäåõôéêÞò Þ åñåõíçôéêÞò öýóçò, õðü ôçí ðñïûðüèåóç íá áíáöÝñåôáé ç ðçãÞ ðñïÝëåõóçò êáé íá äéáôçñåSSôáé ç ðáñïýóá óçìåSSùóç. ÅñùôÞìáôá ðïõ áöïñïýí ôç œñÞóç ôçò åñãáóSSáò ãéá êåñäïóêïðéêü óêïðü ðñÝðåé íá áðåõèýíïíôáé ðñïò ôç óõããñáöÝá. Ïé áðüøåéò êáé ôá óõìðåñÜóìáôá ðïõ ðåñéÝœïíôáé óå áõôÞí ôç äéáôñéâÞ åêöñÜæïõí ôç óõããñáöÝá êáé äåí ðñÝðåé íá èåùñçèåSS üôé áíôéðñïóùðåýïõí ôéò åðSSóçìåò èÝóåéò ôïõ Åèíéêïý Ìåôóüâéïõ ÐïëõôåœíåSSïõ.

NATIONAL TECHNICAL UNIVERSITY OF ATHENS SCHOOL OF ELECTRICAL AND COMPUTER ENGINEERING DEPARTMENT OF COMPUTER SCIENCE COMPUTING SYSTEMS LABORATORY

Parallelization of Nested Loop Codes for Non-Uniform Memory Access (NUMA) Architectures

PHD THESIS

Maria G. Athanasaki

Athens, Greece, December 2005

.................

Maria G. Athanasaki School of Electrical and Computer Engineering, National Technical University of Athens, Greece

Copyright © Maria G. Athanasaki, 2005 All rights reserved

No part of this thesis may be reproduced, stored in retrieval systems, or transmitted in any form or by any means { electronic, mechanical, photocopying, or otherwise { for pro˛t or commercial advantage. It may be reprinted, stored or distributed for a non-pro˛t, educational or research purpose, given that its source of origin and this notice are retained. Any questions concerning the use of this thesis for pro˛t or commercial advantage should be addressed to the author. The opinions and conclusions stated in this thesis are expressing the author. They should not be considered as a pronouncement of the National Technical University of Athens.

ÐåñSSëçøç

Ç äéáôñéâÞ áõôÞ ðñïóèÝôåé Ýíá ëéèáñÜêé áêüìç óôç ëýóç ôïõ ðñïâëÞìáôïò ôçò ðáñáãùãÞò ðáñÜëëçëïõ êþäéêá ãéá ðñïãñÜììáôá ðïõ ðåñéÝœïõí ôÝëåéá öùëéáóìÝíïõò âñüœïõò. Óôç óýãœñïíç âéâëéïãñáöSSá, ç ðáñáëëçëïðïSSçóç ôÝôïéùí äïìþí Ýœåé êáô’ áñœÞí âáóéóôåSS óôï ìåôáóœçìáôéóìü tiling, Þ áëëéþò, ìåôáóœçìáôéóìü õðåñêüìâùí. ÿœïõí ðñïôáèåSS ìÝèïäïé ãéá ôçí áõôüìáôç ìåôáôñïðÞ ôïõ óåéñéáêïý êþäéêá óå ðáñÜëëçëï. ÅðSSóçò, Ýœïõí ðñïôáèåSS åíáëëáêôéêÝò ëýóåéò ãéá ôï œñïíéóìü ìåôáîý åðéêïéíùíSSáò êáé õðïëïãéóìþí. ĳëåò áõôÝò ïé ëýóåéò, üìùò, áöïñïýí ôçí åêôÝëåóç ôïõ ôåëéêïý ðñïãñÜììáôïò óå ìSSá áðëÞ óõóôïéœSSá (cluster) õðïëïãéóôþí.

ÓÞìåñá, ôá ðëÝïí éóœõñÜ ìçœáíÞìáôá, äåí áðïôåëïýíôáé áðü áðëïýò õðïëïãéóôÝò, áëëÜ áðü ðïëõ-åðåîåñãáóôéêÝò ìïíÜäåò (äåSSôå ôç ëSSóôá ôùí 500 ðéï éóœõñþí õðïëïãéóôþí ôïõ êüóìïõ ôïõ ÍïåìâñSSïõ 2004). Ôï éäéáSSôåñï œáñáêôçñéóôéêü ôïõò åSSíáé üôé ïé åðåîåñãáóôÝò ôïõ SSäéïõ êüìâïõ âëÝðïõí êïéíÞ ìíÞìç, åíþ üóïé âñSSóêïíôáé óå äéáöïñåôéêïýò êüìâïõò åðéêïéíùíïýí áíáãêáóôéêÜ ìå áíôáëëáãÞ ìçíõìÜôùí. Ðñüêåéôáé, äçëáäÞ ãéá äéåðSSðåäåò áñœéôåêôïíéêÝò. ÌÝœñé óôéãìÞò äåí åSSœå ðñïôáèåSS êÜðïéá ëýóç ðïõ íá ëáìâÜíåé õðüøç ôçí áíïìïéïìïñöSSá áõôÞ. ĳìùò, ç áíôáëëáãÞ ìçíõìÜôùí áêüìç êáé áíÜìåóá óôïõò åðåîåñãáóôÝò ðïõ Ýœïõí Üìåóç ðñüóâáóç óôçí SSäéá ìïíÜäá ìíÞìçò, áðïôåëåSS óçìáíôéêÞ áðþëåéá œñüíïõ ãéá ôï ôåëéêü ðñüãñáììá. Ôï ðñüâëçìá áõôü, ëïéðüí, áíôéìåôùðSSæåôáé áðïäïôéêÜ óôçí ðáñïýóá äéáôñéâÞ. ÅðéôõãœÜíïõìå ôçí ìÝœñé óôéãìÞò âÝëôéóôç áîéïðïSSçóç ôïõ åýñïõò æþíçò êáé ôùí äõíáôïôÞôùí ôùí êáñôþí äéêôýïõ. Ôáõôüœñïíá, ìðïñïýìå áðëÜ êáé ìå óáöÞíåéá íá ïñSSæïõìå ìSSá œñïíéêÞ äñïìïëüãçóç ôùí õðåñêüìâùí, ðáñÜ ôçí áíïìïéüìïñöç åðéêïéíùíSSá ìåôáîý ôïõò.

ÿíá Üëëï èÝìá ðïõ äåí åSSœå ìÝœñé óôéãìÞò áíôéìåôùðéóôåSS åSSíáé áõôü ôçò êáôáíïìÞò ôùí tiles, Þ õðåñêüìâùí óå åðåîåñãáóôÝò. Óôç âéâëéïãñáöSSá, üëåò óœåäüí ïé ðñïóåããSSóåéò èåùñïýí åSSôå üôé õðÜñœåé áðåñéüñéóôïò áñéèìüò åðåîåñãáóôþí, åSSôå üôé ôï ìÝãåèïò ôùí tiles åðéëÝãåôáé þóôå ïé äéáèÝóéìïé åðåîåñãáóôÝò íá åSSíáé áñêåôïSS. ĳìùò, óêïðüò ôïõ ìåôáóœçìáôéóìïý õðåñêüìâùí (tiling) äåí åSSíáé ìüíï ç ðáñáëëçëïðïSSçóç ôïõ êþäéêá, áëëÜ êáé ç âåëôéóôïðïSSçóç ôçò ôïðéêüôçôáò ôùí áíáöïñþí óå äåäïìÝíá ôçò ìíÞìçò. Óôçí ðåñSSðôùóç áõôÞ, ïé äýï óôüœïé ïäçãïýí óå áíôéêñïõüìåíá áðïôåëÝóìáôá. ÅðåéäÞ ï œñüíïò ðïõ œñåéÜæåôáé ãéá ôçí ðñïóðÝëáóç äåäïìÝíùí, ðïõ äå âñSSóêïíôáé óôçí ãñÞãïñç ìíÞìç ôïõ óõóôÞìáôïò, äåí åSSíáé áìåëçôÝïò (ìðïñåSS íá åSSíáé óõãêñSSóéìïò, Þ áêüìç êáé ðïëëáðëÜóéïò ôïõ œñüíïõ ðïõ œñåéÜæåôáé ãéá ôçí åðåîåñãáóSSáò ôïõò), äåí èá Ýðñåðå íá ðáñáìåëçèåSS ç ðáñÜìåôñïò áõôÞ êáôÜ ôçí åðéëïãÞ ôïõ ìåôáóœçìáôéóìïý õðåñêüìâùí. Óôç äéáôñéâÞ áõôÞ, ëïéðüí, äéåñåõíïýìå ìåèüäïõò ãéá ôçí êáôáíïìÞ ôùí õðåñêüìâùí óôéò õðïëïãéóôéêÝò ìïíÜäåò, óå ðåñSSðôùóç ðïõ ï ìåôáóœçìáôéóìüò õðåñêüìâùí êáé ôï ðëÞèïò ôïõò åSSíáé Þäç äåäïìÝíï. ÐñïêåéìÝíïõ ïé ìÝèïäïé áõôïSS íá ìðïñïýí íá åíóùìáôùèïýí áðïäïôéêÜ óå Ýíá åñãáëåSSï áõôüìáôçò ðáñáãùãÞò êþäéêá, åóôéÜæïõìå ôçí ðñïóïœÞ ìáò óå ìåèüäïõò óôáôéêÞò êáôáíïìÞò ôùí õðïëïãéóìþí, ïé ïðïSSïé ðáñïõóéÜæïõí êÜðïéá êáíïíéêüôçôá.

ËÝîåéò-êëåéäéÜ: Ìåôáóœçìáôéóìüò tiling, Ìåôáóœçìáôéóìüò õðåñêüìâùí, ÏìáäïðïSSçóç õðåñêüìâùí, ÁëëçëïåðéêÜëõøç åðéêïéíùíSSáò êáé õðïëïãéóìþí, ÕðåñåðSSðåäá, ÓõóôïéœSSåò ðïëõ-åðåîåñ-ãáóôéêþí ìïíÜäùí, ÐåñéïñéóìÝíïò áñéèìüò êüìâùí.

Abstract

This thesis adds some intuition and some practical solutions to the well-studied problem of parallelizing nested for-loops. In literature, parallelization of such code segments has been based on supernode, or tiling transformation. There have been proposed some methods for the automatic transformation of sequential code into parallel one. In addition, the timing between communication and computation has been studied. However, these solutions concern the execution of the ˛nal parallel code onto a cluster of single CPU nodes.

Nowadays the most powerful computing systems are consisted of multiprocessor units (see the Top 500 supercomputer list for November 2004). In such supercomputers, processors within the same node can directly access the same memory data, while processors in di¸erent nodes should communicate via message passing. No solution had been proposed so far to overcome this heterogeneity. Message passing among processors inside the same SMP node implies a signi˛cant communication overhead. The above mentioned problem is e‹ciently alleviated in this thesis. We pursue and achieve a proper utilization of the bandwidth and the possibilities of the network cards. At the same time, we can simply and explicitly de˛ne a time scheduling of tiles, in spite of the heterogeneous communication patterns.

Another issue, that had not been thoroughly examined so far, is the allocation of tiles, or supernodes to processors. Almost all approaches in literature consider either an unlimited number of processors, or that tile size is properly selected to ˛t the existing architecture. However, tiling has not been used only for parallelization, but also for achieving cache locality of data memory references. These two goals con‚ict with each other, concerning the tile size selection. Since the time needed for accessing data in main memory is not at all negligible (it may be comparable, or even a multiple of time needed for processing data), this parameter should not be left out when selecting a tiling transformation. In this thesis, we investigate certain techniques for allocating tiles to computing nodes, in case the tiling transformation, the size of the tile space and of the architecture are given. We consider static, regular techniques of allocation, in order to be able to incorporate them e‹ciently into an automatic parallel code generation tool.

Keywords: Supernodes, Loop tiling, Tile grouping, Overlapping communication, Pipelined Schedules, Hyperplanes, Clusters of SMPs, Fixed number of nodes.

Contents

ÐåñSSëçøç vii

Abstract ix

List of Figures xv

List of Tables xix

ÁíôSS Ðñïëüãïõ xxvii

1 Introduction 1 1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.2 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 1.3 One step ahead: What do we need? . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.4 Thesis Contribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 1.5 Thesis Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 1.6 Publications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2 Preliminary Concepts - Mathematical Background 11 2.1 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 2.2 Algorithmic Model - Nested for-loops . . . . . . . . . . . . . . . . . . . . . . . . 12 2.3 Dependence Vectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 2.4 Fourier-Motzkin Elimination Method . . . . . . . . . . . . . . . . . . . . . . . . . 17 2.5 Time Scheduling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 2.5.1 Linear Time Scheduling . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 2.6 Loop Transformations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 2.6.1 Linear Loop Transformations . . . . . . . . . . . . . . . . . . . . . . . . . 22 2.6.2 Tiling or Supernode Transformation . . . . . . . . . . . . . . . . . . . . . 26 2.6.3 Tile Dependences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

2.7 Overlapping vs. Non-Overlapping Execution . . . . . . . . . . . . . . . . . . . . . 34 2.7.1 Non-Overlapping Execution Policy . . . . . . . . . . . . . . . . . . . . . . 34 2.7.2 Overlapping Execution Policy . . . . . . . . . . . . . . . . . . . . . . . . . 35 2.8 Hardware High Performance Features . . . . . . . . . . . . . . . . . . . . . . . . 37 2.8.1 Zero-Copy Protocols . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 2.8.2 DMA transfers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3 Automatic parallel code generation for tiled nested loops 41 3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 3.2 Generation of Serial Tiled Code . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 3.2.1 Enumerating the tiles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 3.2.2 Scanning the points within a tile . . . . . . . . . . . . . . . . . . . . . . . 53 3.2.3 Comparison { Experimental Results . . . . . . . . . . . . . . . . . . . . . 66 3.3 Parallelization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73 3.3.1 Some more algorithmic assumptions . . . . . . . . . . . . . . . . . . . . . 74 3.3.2 Computation Distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . 76 3.3.3 Data Distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76 3.3.4 Communication sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

4 Execution of tiles onto clusters of Symmetric Multiprocessors (SMP nodes) 87 4.1 An Intuitive Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88 4.2 Grouping Transformation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90 4.3 Intuition of our algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91 4.4 Determining P^G according to the number of CPUs within an SMP node . . . . . 93 4.4.1 Linear time schedule . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98 4.4.2 Assigning Tiles to CPUs . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101 4.4.3 Generalization: Grouping tiles along an arbitrary dimension of J^S . . . . 102 4.4.4 Optimal selection of m_ks . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108 4.5 Theoretical Comparison . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114 4.6 Experimental Veri˛cation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116 4.6.1 Experimental platform and algorithm . . . . . . . . . . . . . . . . . . . . 116 4.6.2 Tuning Parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117 4.6.3 Experimental Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118 4.6.4 Scalability Issues . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

5 Scheduling onto a fixed number of homogeneous SMP nodes 125 5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126 5.2 Cyclic assignment to SMPs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127 5.3 Mirror assignment to SMPs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

5.4 Cluster assignment to SMPs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134 5.5 Retiling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137 5.6 Experimental Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139 5.6.1 Experimental Platform . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139 5.6.2 Experimental Data: Rectangular Tile Spaces . . . . . . . . . . . . . . . . 139 5.6.3 Simulation Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143 5.7 Block-cyclic assignment to SMPs . . . . . . . . . . . . . . . . . . . . . . . . . . . 146 5.8 Implementation issues for non-rectangular tile spaces . . . . . . . . . . . . . . . . 148 5.8.1 Assigning as many neighboring tiles as possible to the same SMP node . . 149 5.8.2 Evicting deadlocks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150 5.8.3 Simulation Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

6 Conclusion 167

Appendices 171

A Summary of Notations 173

B Algorithmic Model - Summary of assumptions 175

C Simple Mathematical Formulas 177

Bibliography 181 xiv CONTENTS

List of Figures

1.1 The BlueGene/L Architecture - No 1 in the 24th Top500 Supercomputer list . . 5 1.2 The Earth Simulator Architecture - No 3 in the 24th Top500 Supercomputer list 6

2.1 Example 2.1 - Graphical representation of 2-dimensional iteration spaces onto Z^n 15 2.2 Lexicographic order of iterations for the iteration space of Example 2.1(3). . . . . 16 2.3 Example 2.2 - Graphical representation of ‚ow dependences . . . . . . . . . . . . 18 2.4 Example 2.3 - Time Schedule produced by linear scheduling vector Π = [1 1]. . . 21 2.5 Example 2.3 - Time Schedule produced by linear scheduling vector Π = [2 3]. . . 22 2.6 Graphical representation of an interchange transformation . . . . . . . . . . . . . 23 2.7 Graphical representation of a reversal transformation . . . . . . . . . . . . . . . . 24 2.8 Graphical representation of a skewing transformation . . . . . . . . . . . . . . . . 25 2.9 Unimodular and non-unimodular transformations. . . . . . . . . . . . . . . . . . 26 2.10 Fine-grained parallelism. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 2.11 Coarse-grained parallelism. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 2.12 Tiling Transformation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 2.13 Construction of Tiling Matrices. . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 2.14 When the class of dependence matrix D is less than n . . . . . . . . . . . . . . . 31 2.15 Validity of a tiling transformation. . . . . . . . . . . . . . . . . . . . . . . . . . . 33 2.16 Non-overlapping Execution Policy . . . . . . . . . . . . . . . . . . . . . . . . . . 35 2.17 Overlapping Execution Policy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 2.18 Single-Copy Protocol and packetization process . . . . . . . . . . . . . . . . . . . 38 2.19 Locked and memory mapped \RAM device" for SCI communications . . . . . . . 39

3.1 Automatic parallel code generation for tiled iteration spaces. . . . . . . . . . . . 43 3.2 Example 3.1: Representation of the spaces used. . . . . . . . . . . . . . . . . . . 45 3.3 Expanding iteration space bounds to include all tile origins. . . . . . . . . . . . . 51 3.4 Expanding iteration space bounds to include all tile origins. . . . . . . . . . . . . 52 3.5 Example 3.2: Expanding iteration space bounds to include all tile origins. . . . . 54

3.6 Scanning the iterations of a tile. . . . . . . . . . . . . . . . . . . . . . . . . . . . 59 3.7 Traverse the T IS with a non-unimodular transformation. . . . . . . . . . . . . . 60 3.8 Steps and initial o¸sets in T T IS derived from matrix ~H^′ . . . . . . . . . . . . . . 62 3.9 Average tiling overhead factors for 3 − D problems . . . . . . . . . . . . . . . . . 69 3.10 Tiling overhead factors for real applications . . . . . . . . . . . . . . . . . . . . . 71 3.11 Determining communication sets in the TIS and TTIS. . . . . . . . . . . . . . . . 74 3.12 Local data space LDS and transformed tile iteration space T T IS . . . . . . . . . 77 3.13 Relations between DS, J^n and LDS . . . . . . . . . . . . . . . . . . . . . . . . . 81 3.14 Communication among processors. . . . . . . . . . . . . . . . . . . . . . . . . . . 83

4.1 Execution of tiles on single-CPU nodes. . . . . . . . . . . . . . . . . . . . . . . . 88 4.2 Execution of tiles on SMP nodes with 2 CPUs each. . . . . . . . . . . . . . . . . 89 4.3 Vertical grouping. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89 4.4 Hyperplane grouping. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90 4.5 Set of tiles assigned to an SMP node. . . . . . . . . . . . . . . . . . . . . . . . . . 91 4.6 Groups of tiles executed simultaneously in an SMP node. . . . . . . . . . . . . . 92 4.7 Constructing the inverse grouping matrix. . . . . . . . . . . . . . . . . . . . . . . 93 4.8 Example 4.1 - Tile space. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95 4.9 Example 4.1 - Group space. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96 4.10 Example 4.2 - Tile space. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97 4.11 Example 4.2 - Group space. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97 4.12 Example 4.4 - 2 × 1 CPUs per SMP node - Overlapping execution. . . . . . . . . 103 4.13 Example 4.4 - 2 × 1 CPUs per SMP node - Non-overlapping execution . . . . . . 104 4.14 Example 4.5 - 4 × 1 CPUs per SMP node - Overlapping execution. . . . . . . . . 106 4.15 Example 4.5 - 4 × 1 CPUs per SMP node - Non-overlapping execution . . . . . . 108 4.16 Example 4.6 - 2 × 2 CPUs per SMP node. . . . . . . . . . . . . . . . . . . . . . . 110 4.17 Example 4.6 - 2 × 2 CPUs per SMP node. . . . . . . . . . . . . . . . . . . . . . . 111 4.18 Communication load of a tile. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111 4.19 Communication load of a group. . . . . . . . . . . . . . . . . . . . . . . . . . . . 114 4.20 In order to execute at the same time tiles grouped together by a vertical grouping scheme, we should further divide them into sub-tiles and execute some of them in parallel, according to an intra-tile hyperplane scheduling. . . . . . . . . . . . . 114 4.21 Vertical grouping - Tile execution time in respect to the number of slices a tile is cut . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118 4.22 Vertical grouping - Zoom in the minimum area of the plot of Figure 4.21 . . . . . 118 4.23 Directions and source/destination nodes of message exchanges for an SMP node with 2 CPUs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120 4.24 Experimental Results: 16 × 16 × 1024k iteration space . . . . . . . . . . . . . . . 120

4.25 Experimental Results: 24 × 24 × 1024k iteration space . . . . . . . . . . . . . . . 121 4.26 Experimental Results: 32 × 32 × 1024k iteration space . . . . . . . . . . . . . . . 121 4.27 Experimental Results: 32 × 32 × 512 iteration space . . . . . . . . . . . . . . . . 122 4.28 Experimental Results: 48 × 48 × 512 iteration space . . . . . . . . . . . . . . . . 122

5.1 Cyclic assignment to SMP nodes. . . . . . . . . . . . . . . . . . . . . . . . . . . . 127 5.2 Cyclic scheduling when there is not actual lack of processors. . . . . . . . . . . . 129 5.3 Cyclic scheduling when there is lack of processors. . . . . . . . . . . . . . . . . . 130 5.4 Mirror assignment to SMP nodes. . . . . . . . . . . . . . . . . . . . . . . . . . . . 132 5.5 Cluster assignment to SMP nodes. . . . . . . . . . . . . . . . . . . . . . . . . . . 134 5.6 Clustering communication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137 5.7 Retiling. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138 5.8 Experimental Data: Tile Size 32 × 32 × 32 . . . . . . . . . . . . . . . . . . . . . . 140 5.9 Experimental Data: Tile Size 128 × 32 × 32 . . . . . . . . . . . . . . . . . . . . . 142 5.10 Experimental Data: Tile Size 256 × 32 × 32 . . . . . . . . . . . . . . . . . . . . . 143 5.11 Communication among SMPs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143 5.12 Simulation Data: Tile Space · · · × 16 × 16 on a grid of 4 × 4 nodes with 2 × 2 CPUs each . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144 5.13 Simulation Data: Tile Space · · · × 22 × 22 on a grid of 4 × 4 nodes with 2 × 2 CPUs each . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145 5.14 Simulation Data: Tile Space · · · × 16 × 16 on a grid of 2 × 2 nodes with 4 × 4 CPUs each . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145 5.15 Block-cyclic assignment to SMP nodes. . . . . . . . . . . . . . . . . . . . . . . . . 147 5.16 Allocating a non-rectangular tile space to processors. . . . . . . . . . . . . . . . . 150 5.17 Time distance between the arrival of an event and the use of data it carries. . . . 153 5.18 Deadlocks in the execution of non-rectangular tile space. . . . . . . . . . . . . . . 154 5.19 Simulation Data: Execution of ADI onto a shared memory multiprocessor. . . . . 156 5.20 Simulation Data: Execution of ADI onto a cluster of 2 SMP nodes, following the overlapping execution policy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157 5.21 Simulation Data: Execution of ADI onto a cluster of 4 SMP nodes, following the overlapping execution policy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158 5.22 Simulation Data: Execution of ADI onto a cluster of 8 SMP nodes, following the overlapping execution policy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159 5.23 Simulation Data: Execution of ADI onto a cluster of 2 SMP nodes, following the non-overlapping execution policy . . . . . . . . . . . . . . . . . . . . . . . . . . . 160 5.24 Simulation Data: Execution of ADI onto a cluster of 4 SMP nodes, following the non-overlapping execution policy . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

5.25 Simulation Data: Execution of ADI onto a cluster of 8 SMP nodes, following the non-overlapping execution policy . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

List of Tables

3.1 Example iteration spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66 3.2 Fourier-Motzkin row operations and compilation time for 2D algorithms . . . . . 67 3.3 Fourier-Motzkin row operations and compilation time for 3D algorithms. . . . . . 68 3.4 Average row operations and compilation time for 3D algorithms . . . . . . . . . . 69 3.5 Tiling overhead factors (TOF) for 2 − D problems . . . . . . . . . . . . . . . . . 69 3.6 Tiling overhead factors (TOF) for 3 − D problems. . . . . . . . . . . . . . . . . . 70 3.7 Performance for real applications . . . . . . . . . . . . . . . . . . . . . . . . . . . 71 3.8 Using function loc() to locate ⃗j ∈ J^n in the LDS of a processor . . . . . . . . . . 81 3.9 Using function loc^{−1}() to locate ⃗j^{′′} ∈ LDS of processor ⃗pid in J^n . . . . . . . . . 82

4.1 Example 4.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96 4.2 Example 4.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98 4.3 Example 4.4 - 2 × 1 CPUs per SMP node - Overlapping execution . . . . . . . . 104 4.4 Example 4.4 - 2 × 1 CPUs per SMP node - Non-overlapping execution . . . . . . 105 4.5 Example 4.5 - 4 × 1 CPUs per SMP node - Overlapping execution. . . . . . . . . 107 4.6 Example 4.5 - 4 × 1 CPUs per SMP node - Non-overlapping execution . . . . . . 109 4.7 Example 4.6 - 2 × 2 CPUs per SMP node - Overlapping execution . . . . . . . . 112 4.8 Example 4.6 - 2 × 2 CPUs per SMP node - Non-overlapping execution . . . . . . 113 4.9 Implementation of the non-overlapping scheme . . . . . . . . . . . . . . . . . . . 119 4.10 Implementation of the overlapping scheme . . . . . . . . . . . . . . . . . . . . . . 119 4.11 Implementation of the vertical vs. hyperplane grouping . . . . . . . . . . . . . . 119

5.1 Implementation of schedules (cyclic assignment, mirror assignment, cluster assignment to SMP nodes) when the tile space is rectangular . . . . . . . . . . . . 141 5.2 Execution schemes implementation (overlapping vs. non-overlapping) using the GM low level message passing system . . . . . . . . . . . . . . . . . . . . . . . . 142 5.3 Implementation of the block-cyclic assignment schedule when the tile space is rectangular . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149 xx LIST OF TABLES

5.4 Implementation of the cyclic assignment schedule when the tile space is not rectangular . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151 5.5 Implementation of the cluster assignment schedule when the tile space is not rectangular . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151 5.6 Implementation of the mirror assignment schedule when the tile space is not rectangular . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152 5.7 Implementation of the block-cyclic assignment schedule when the tile space is not rectangular . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152 5.8 ADI - Simulation Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158 5.9 ADI - Simulation Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163 5.10 SOR - Simulation Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164 5.11 SOR - Simulation Data, following the overlapping execution policy . . . . . . . . 164 5.12 SOR - Simulation Data, following the non-overlapping execution policy . . . . . . 165

ÁíôSS Ðñïëüãïõ

Ç ðáñïýóá äéäáêôïñéêÞ äéáôñéâÞ åêðïíÞèçêå óôïí ÔïìÝá ÔåœíïëïãSSáò ÐëçñïöïñéêÞò êáé Õðïëïãéóôþí, ôçò ÓœïëÞò Çëåêôñïëüãùí Ìçœáíéêþí êáé Ìçœáíéêþí Õðïëïãéóôþí, ôïõ Åèíéêïý Ìåôóüâéïõ ÐïëõôåœíåSSïõ. ÐåñéëáìâÜíåé ôçí Ýñåõíá êáé ôá óõìðåñÜóìáôá ðïõ ðñïÝêõøáí êáôÜ ôç äéÜñêåéá ôùí ìåôáðôõœéáêþí óðïõäþí ìïõ óôï ÅñãáóôÞñéï Õðïëïãéóôéêþí ÓõóôçìÜôùí ôçò óœïëÞò áõôÞò.

Óôï óçìåSSï áõôü èá Þèåëá íá åêöñÜóù ôéò åéëéêñéíåSSò åõœáñéóôSSåò ìïõ óå Ýíá ðëÞèïò áíèñþðùí, ðïõ ìå âïÞèçóáí ïõóéáóôéêÜ óôçí ðñáãìáôïðïSSçóç ôçò åñãáóSSáò áõôÞò. Ðñþôá áðü üëïõò èá Þèåëá íá åõœáñéóôÞóù ôïí åðéâëÝðïíôá êáèçãçôÞ ìïõ, Ðáíáãéþôç ÔóáíÜêá, åðåéäÞ, üíôáò ðñïðôõœéáêÞ öïéôÞôñéá, åêåSSíïò ðñþôïò ìå Ýöåñå óå åðáöÞ ìå ôï œþñï óôïí ïðïSSï áñãüôåñá áðïöÜóéóá íá óõíåœSSóù ôéò óðïõäÝò ìïõ ùò ìåôáðôõœéáêÞ öïéôÞôñéá. Ôïí åõœáñéóôþ éäéáSSôåñá åðåéäÞ ìå åðÝëåîå ãéá óõíåñãÜôç ôïõ, ãéá ôéò œñÞóéìåò ãíþóåéò ðïõ ìïõ ìåôÝäùóå, ãéá ôçí ïéêåéüôçôá ðïõ ìïõ åìðíÝåé, áëëÜ ðåñéóóüôåñï ãéá ôçí åìðéóôïóýíç ðïõ ìïõ Ýäåéîå óå üëá ôá èÝìáôá.

ÅðSSóçò, èá Þèåëá íá åõœáñéóôÞóù èåñìÜ ôïí êáèçãçôÞ Ãåþñãéï ÐáðáêùíóôáíôSSíïõ, ìÝëïò ôçò ôñéìåëïýò óõìâïõëåõôéêÞò åðéôñïðÞò ìïõ êáé åðéêåöáëÞ ôïõ åñãáóôçñSSïõ, ãéá ôçí áãÜðç ôïõ, ôéò óõìâïõëÝò ôïõ, ãéá ôç äéÜèåóÞ ôïõ íá áóœïëçèåSS ìå êáôáíüçóç ìå ïðïéïäÞðïôå ðñüâëçìÜ ìáò.

ÉäéáSSôåñç áíáöïñÜ èá Þèåëá íá êÜíù óôï ôñSSôï ìÝëïò ôçò óõìâïõëåõôéêÞò åðéôñïðÞò ìïõ, ôïí åðSSêïõñï êáèçãçôÞ ÍåêôÜñéï Êïæýñç. źôáí ï Üíèñùðïò ðïõ êáèüñéóå ôçí êáôåýèõíóç ôçò ÝñåõíÜò ìïõ, ðïõ áóœïëÞèçêå ïõóéáóôéêÜ ìå ôçí ðïñåSSá êáé ôá ðñïâëÞìáôá ðïõ áíôéìåôþðéóá êáôÜ ôç äéÜñêåéá ôùí óðïõäþí ìïõ, ðïõ áíÝêáìðôå ôï çèéêü ìïõ óå äýóêïëåò åñåõíçôéêÜ ðåñéüäïõò, ðïõ öñüíôéóå íá Ýœù äéáèÝóéìï ôïí åîïðëéóìü ðïõ œñåéáæüìïõí. ÐÝñá, üìùò, áðü ôá êáèáñÜ åðéóôçìïíéêÜ èÝìáôá, äSSðëá ôïõ ðÞñá áîÝœáóôá ìáèÞìáôá æùÞò ìå ôéò ðïëýùñåò óõæçôÞóåéò ðïõ åSSœáìå ìáæSS ôïõ. Ìïõ Ýìáèå íá ðéóôåýù óôïí åáõôü ìïõ, íá èÝôù êáé íá ðåôõœáSSíù óôüœïõò, íá åSSìáé ðéï áíïéœôÞ áðÝíáíôé óå áíèñþðïõò ìå åíôåëþò äéáöïñåôéêÞ íïïôñïðSSá êáé åðéäéþîåéò. ĳëá áõôÜ åSSíáé éäéáSSôåñá óçìáíôéêÜ, üœé ìüíï ãéá ôçí åðáããåëìáôéêÞ áðïêáôÜóôáóÞ åíüò áíèñþðïõ, áëëÜ êáé ãéá ôçí ïéêïãåíåéáêÞ êáé êïéíùíéêÞ æùÞ ôïõ.

ÂÝâáéá, ðÝñá áðü ôïõò êáèçãçôÝò ìïõ, èá Þôáí ðïëý ìåãÜëç ðáñÜëåéøç íá ìçí áíáöåñèþ êáé óôá õðüëïéðá ìÝëç ôïõ åñãáóôçñSSïõ. Êáô’ áñœÞí, ï Ãéþñãïò Ãêïýìáò Þôáí Ýíáò ìéêñüôåñïò êáèçãçôÞò ìïõ. Ôïí åõœáñéóôþ éäéáSSôåñá, üœé ìüíï ãéá ôç óõìâïëÞ ôïõ óôçí åñåõíçôéêÞ äïõëåéÜ ìïõ, áëëÜ êáé ãéáôSS ìå ôï ðáñÜäåéãìÜ ôïõ óêéáãñÜöçóå ôï ðñüôõðï óõìðåñéöïñÜò åíüò áíèñþðïõ ðïõ Ýœåé âñåé ôç óùóôÞ éóïññïðSSá ìåôáîý åðáããåëìáôéêÞò êáé êïéíùíéêÞò æùÞò, ðïõ îÝñåé íá äSSíåé óôá ðñüóùðá êáé ôéò êáôáóôÜóåéò ôçí ðñïóïœÞ ðïõ ôïõò áñìüæåé. ÉäéáSSôåñç ãéá ìÝíá Þôáí êáé ç óœÝóç ðïõ áíÝðôõîá ìå ôï ÍSSêï Äñïóéíü. Ôïí åõœáñéóôþ, üœé ìüíï ãéá ôç óõíåñãáóSSá ìáò óå åñåõíçôéêÜ èÝìáôá, áðü ôçí ïðïSSá áðïêüìéóá ðïëýôéìåò ãíþóåéò, áëëÜ êáé ãéá ôéò óõæçôÞóåéò ìáò óå èÝìáôá ðïõ êïõâåíôéÜæïíôáé ìüíï ìåôáîý ðñáãìáôéêþí öSSëùí.

Óôç óõíÝœåéá, ïöåSSëù íá åõœáñéóôÞóù èåñìÜ üëá ôá ðáéäéÜ ìå ôá ïðïSSá óõíåñãÜóôçêá, ôïí űñç Óùôçñüðïõëï, ôï Ãéþñãï ÔóïõêáëÜ, ôï ÂáããÝëç Êïýêç. ŒùñSSò ôç óõìâïëÞ ôïõò, ç äéäáêôïñéêÞ äéáôñéâÞ ìïõ èá Þôáí óSSãïõñá ðïëý öôùœüôåñç. Äõóôõœþò, èá ìáêñçãïñïýóá ðïëý áí óôåêüìïõí óå êÜèå Ýíá áðü ôá ìÝëç ôïõ åñãáóôçñSSïõ îåœùñéóôÜ. Ðáñüëá áõôÜ, ðñÝðåé íá áíáöÝñù üôé ï Áíôþíçò ÆÞóéìïò, ï Áíôþíçò ŒáæÜðçò, ï ÊïñíÞëéïò Êïýñôçò, ï Ãéþñãïò ÂåñõãÜêçò, ï ÍSSêïò Áíáóôüðïõëïò, ðñïóèÝôïõí ï êáèÝíáò ìå ôïí ôñüðï ôïõ, ìå ôéò ãíþóåéò êáé ôï œáñáêôÞñá ôïõ, ìSSá éäéáSSôåñç íüôá óôçí êïõëôïýñá ôïõ åñãáóôçñSSïõ. Áóöáëþò, äåí ðñÝðåé íá åííïçèåSS üôé ôá ðáéäéÜ ðïõ äåí áíáöÝñèçêáí ïíïìáóôéêÜ Ýœïõí ìéêñüôåñç óõìâïëÞ óôï öéëéêü êëSSìá óõíåñãáóSSáò êáé óôçí ðåñéññÝïõóá ãíþóç ôïõ åñãáóôçñSSïõ.

ÅðSSóçò, Ýíá ôåñÜóôéï åõœáñéóôþ ãéá áíáñSSèìçôïõò ëüãïõò ïöåSSëù óôçí áäåëöÞ ìïõ êáé õðïøÞöéá äéäÜêôïñá ôïõ åñãáóôçñSSïõ, ÅõáããåëSSá ÁèáíáóÜêç. ĳœé ìüíï ãéáôSS áðü ôá ðáéäéêÜ ìïõ œñüíéá Þôáí ç êáëýôåñç öSSëç ìïõ, üœé ìüíï åðåéäÞ ìå áêïëïýèçóå êáé ìå óõíôñüöåõóå óå üëá ôá óçìáíôéêÜ âÞìáôá ôçò æùÞò ìïõ, üœé ìüíï åðåéäÞ Þôáí ðÜíôá ï ðñþôïò Üíèñùðïò ðïõ èá áóœïëïýíôáí ìå ïðïéáäÞðïôå áíçóõœSSá ìïõ. ÁëëÜ êáé åðåéäÞ ìå ôçí åíåñãÞ ðáñïõóSSá ôçò êáèüñéóå, óå âáèìü ðáñáðëÞóéï ìå ôïõò ãïíåSSò ìïõ, ôçí ðñïóùðéêüôçôÜ ìïõ.

ÔÝëïò, åõœáñéóôþ èåñìÜ ôï ÊïéíùöåëÝò žäñõìá ÁëÝîáíäñïò ÙíÜóçò ãéá ôçí ïéêïíïìéêÞ óôÞñéîç ðïõ ìïõ ðáñåSSœå ìÝóù ìSSáò õðïôñïöSSáò ìåôáðôõœéáêþí óðïõäþí.

Ç åñãáóSSá áõôÞ áöéåñþíåôáé óôçí ïéêïãÝíåéÜ ìïõ êáé óå üóïõò áðïôåëïýí Ýíá åõôõœÝò áíáðüóðáóôï êïììÜôé ôçò æùÞò ìïõ.

1 Introduction

1.1 Motivation

Tiling, or supernode transformation has been widely used in parallel processing for restructuring nested for-loop code segments. When applying tiling, neighboring iterations are grouped together into a tile, or supernode. Thereupon, each tile is treated as one computation unit. That is, we schedule tiles instead of iterations, we decide which tiles will be assigned to a processor and so on. Therefore, we achieve to decrease the total communication load of the code segment as follows:

• Assuming that iterations of the initial code segment may be assigned to any processor of the parallel architecture, the communication load implied may be vast in comparison to the computation load. When applying tiling, we force neighboring iterations to be executed onto the same processor. Therefore, the communication requirements among them are eliminated.

• In message passing interfaces, designed for distributed memory computing systems, the cost of initializing a data transfer is not negligible. When applying tiling, apart from grouping iterations, we also group the resulting data transfers. Thus, we may initialize only one message per tile per communication direction, reducing in this way the number of messages and the communication startup cost.

A lot of work has been conducted in this area, concerning the selection of the optimal tiling transformation. Researchers have concluded that, on the one hand, rectangular tiling is simple. Thus, both the application of the tiling transformation and the execution of the ˛nal tiled code is e‹cient [TX00]. On the other hand, non-rectangular tiling may be more appropriate for a speci˛c code segment [HS02], [HCF03]. Thus, if it is properly applied, it may give the peak performance [GDAK02a].

As far as parallel processing is concerned, the size and shape of tiles is mainly selected so as to minimize the communication overhead. The resulting tiling transformation seems to be the same when either a distributed [Xue97a] or a shared memory [RR02] system is aimed. Consequently, when a multilevel parallel architecture is involved, the optimal tiling transformation is just the same.

However, when applying a tiling transforation, tile shape and size are not the only concerns. One should also determine a time schedule, for both computations and communication. This problem has also been addressed when either a distributed or a shared memory architecture is involved. It has not been addressed for a multilevel parallel architecture, such as a cluster of shared memory multiprocessors (SMPs). In this thesis, a time schedule is produced, which takes into account the communication requirements among processors, which may reside either in the same or in di¸erent SMP nodes.

Once a tiling transformation has been applied onto a nested for-loop code segment, and a time scheduling has been produced, one may assume that it can be really implemented onto a parallel architecture. In fact, this is not always true. The number of processors of an existing platform may be less than the number of processors required for the application of a time schedule. Although in literature a lot of papers deal with the problem of scheduling onto a ˛xed number of processors, very few of them are applicable on nested for-loops, that cannot be partitioned into independent sub-spaces. In this thesis ˛ve alternative static schemes, for scheduling a tile space and assigning tiles to the processors of an existing parallel architecture, are proposed.

1.2 Related Work

A few years ago the constant increase of the execution speed of programs was mainly based on the clock frequency increase. In 1980’s, both academia and industry realized that it was meaningless to further promote the clock speed if they could not feed the processor with data from memory [PH94], [HP03]. Their e¸orts concentrated onto minimizing the distance between the processor and memory data, using cache memories. They went on increasing the clock speed, but at the same time they increased the size and bandwidth of caches, they improved the algorithms used for storing and searching data in them.

Nowadays, technology seems to have approached the core. A further increase of either the clock speed or the cache bandwidth is sustained by physical restrictions, such as the speed of light and the minimum distances that should exist inside a chip, so as electrical signals do not interfere with each other. Therefore, the only notion that can supply computer performance with a thrust seems to be parallel processing.

However, without an intervention from the programmer, parallel processing may have an impact only when several independent programs are to be executed simultaneously. A minor

1.2 Related Work 3

intervention is required when a single program can be partitioned into independent or loosely dependent tasks. What happens when we are interested in speeding up a single program, which cannot be partitioned into independent regions? Then, a thorough analysis of data dependences [Ban88], [Pug92] is required, so as to decide which tasks could be e‹ciently parallelized.

Nested for-loops can be placed among the most critical code segments, which deserve parallelization. They usually impose a signi˛cant overhead to the total program execution, since they iterate many times over the same statements. In order to achieve the maximum acceleration, one of the key issues to be considered is minimization of the communication overhead. Papers elaborating on this issue can be divided into two main categories corresponding to ˛ne grain parallelization and coarse grain parallelization.

As far as ˛ne grain parallelism is concerned, the communication overhead is reduced by applying methods that group together neighboring chains of iterations [KCN91], [SC95], while preserving the optimal hyperplane schedule [DGK^+00], [ST91], [TKP00]. The objective of partitioning the initial iteration space into chains of iterations has always been the minimization of inter-chain dependences. Thereupon, some chains may be grouped together and executed in the same processor, aiming again to reduce the inter-processor dependences.

As far as coarse grain parallelism is concerned, researchers have dealt with the problem of alleviating the communication overhead by applying the supernode or tiling transformation. Supernode partitioning of the iteration space was initially proposed by Irigoin and Triolet in [IT88]. They introduced the initial model of loop tiling and gave conditions for a tiling transformation to be valid. Later, Ramanujam and Sadayappan in [RS92] showed the equivalence between the problem of ˛nding a set of extreme vectors for a given set of dependence vectors and the problem of ˛nding a tiling transformation that produces valid, deadlock-free tiles. The problem of determining the optimal shape was surveyed, and more accurate conditions were also given by others, as in [BDRR94], [HS02], [HCF03]. Some of these approaches aim at minimizing the amount of data transferred through a message passing interface [Xue97a]. Some more of them are applicable on a shared memory architecture and pursue the minimum amount of data to be accessed by more than one processors [AKN95], [RR02]. The rest of them attempt to minimize the time each processor remains idle waiting for the necessary data to be available, before going on with the computations assigned to it [DDRR97], [HCF97], [HCF99]. All three approaches result to the same mathematical formulas for the calculation of the optimal tiling transformation.

Scheduling tiled iteration spaces onto parallel architectures is another important issue, which has been partially addressed in literature. Dion et al. [DRR96] and Rastello et al. [RRP03] have reduced the total run-time by properly scheduling the iterations inside a tile. They assume that a tile execution is non-atomic and each data element is sent to processors that will need it, as soon as it is computed. Although such an approach may be practical on a VLSI processor array, it will not be e‹cient on a modern cluster, where the startup latency of a message cannot be ignored, imposing coarse-grain communication.

Although scheduling of tasks on a cluster of workstations seems to be a well elaborated idea [CKE^+04], in fact very few approaches have taken into account the regularity of nested for-loops. Several of them [SG97], [Sak97], [HP96] deal with the distribution of loop iterations to processors, in special cases, when the iteration space can be decomposed to regions, that can be parallelized with no communication or synchronization among processors. However, this is not always the case. As concluded by [LL98], the dependences among iterations may not allow the application of such a scheduling. In [ML94] a run-time scheduling is presented, which minimizes communication and synchronization overhead. In [ID98], [ZLP97], a dynamic loadbalancing scheduling algorithm is presented, with a combination of compile-time and run-time support (hybrid compile and run-time process). However, as argued in [TN93], dynamic, or run-time scheduling achieves a better load balance when the computation load of iterations is unevenly distributed. In addition, it is applicable if the loop bounds are unknown at compile time. Static, or compile-time scheduling is more appropriate for uniformly distributed loops, following the algorithmic model of this thesis.

As far as the execution of tiles on a cluster of PCs is concerned, all conventional approaches [ABRY03], [ABR96], [HS98], [OSKO95], [RS92] consider that each processor executes all tiles along a speci˛c dimension, by interleaving computation and communication phases. All processors ˛rst receive data, then compute, and ˛nally send result data to neighbors in explicitly distinct phases, according to the hyperplane scheduling vector. Taking into account that modern network interfaces allow for concurrent communication and computation, in [GSK01] an alternative method for the problem of scheduling the tiles to single CPU nodes was proposed. The proposed method acts like enhancing the performance of a processor’s datapath with pipelining [PH94], because a processor computes its tile at k time step and concurrently receives data from all neighbors to use them at k + 1 time step and sends data produced at k − 1 time step. Such a pipelined execution scheme was proven [STK02] to nearly double the performance of the algorithms, provided that we use modern NICs (Network Interface Cards), capable of performing communication without annoying the CPU, and advanced communication protocols (i.e. VIA) with Zero-Copy [CTHI98], DMA support and User-Level [Blu96] characteristics.

Although the tiling transformation had been so widely studied, in practice it was almost unattainable to implement the proposed methods in real applications. The overhead for producing the parallel code was almost prohibitive. In [AL93], Amarasinghe and Lam presented a method for automatically producing parallel SPMD code, based on the mathematical representation of the iteration space, the data space and the communication data, using a set of inequalities. In [TX00], Tang and Xue presented a complete framework for producing SPMD code for distributed memory parallel architectures. However, their approach concerns only rectangular tiling transformations. Finally, in [GAK03], [GDAK02a] a complete framework has been presented for automatically producing parallel code for arbitrarily tiled nested for-loops.

1.3 One step ahead: What do we need? 5

This method, apart from enhancing the e‹ciency of the ˛nal parallel code, aims at reducing the overhead of the automatic parallelization.

1.3 One step ahead: What do we need?

Nowadays the most powerful computing systems are consisted of multi-level parallel architectures, such as a cluster of Shared-Memory Multiprocessors. The top 5 computing systems announced in the 2004 Supercomputer Conference (SC2004) [TOP] in Pittsburgh (BlueGene/L, Columbia, Earth Simulator, MareNostrum, Thunder), are all based on a multi-level parallel architecture (see, for example, Figures 1.1 and 1.2).

Figure 1.1: The BlueGene/L Architecture - No 1 in the 24th Top500 Supercomputer list

The method presented in [GSK01], [STK02] had been applied only on clusters of single CPU nodes. If applied on a cluster of SMP nodes (Symmetric Multi-Processors), it could not take into consideration the fact that, among processors of the same node, which can directly communicate with each other through the node’s shared memory, there is no need for message interchange, in order to exchange data. This fact has not been taken into account in [MA01] either, which aims at scheduling tiles on a cluster of SMP nodes. The result of such a consideration may be unnecessary transfers from the processing unit to the network card and vice versa, which will consume a portion of the intra-node communication bandwidth. In the best case, when the compiler can detect and prevent such unnecessary communication between the processor and the network card, it will not evict unnecessary transfers among the shared and private space of

Figure 1.2: The Earth Simulator Architecture - No 3 in the 24th Top500 Supercomputer list

threads inside the same SMP node [DK04].

In this thesis, as in [AST^+05], [ASTK02b], [ASTK02a], the method proposed in [GSK01], [STK02] is applied on clusters of SMP nodes. For this purpose, we group together tiles, which should be simultaneously executed by processors of the same node. Thus, we annihilate the need for communication among processors of the same node. In the sequel, in order to schedule the groups of tiles, which have arisen, we can make use of the overlapping communicationcomputation model, proposed in [GSK01], [STK02].

Unfortunately, the subsequent execution scheme (similar to its parent schemes proposed in [HS98], [GSK01] and the automatic schedules produced when using a code generation tool [GDAK02a]) preassumes an unlimited number of processing nodes, or that the tile size has been selected so that the number of nodes needed is less than or equal to the nodes available. Of course, it is not always true. The tile size may often be selected so as to minimize the communication overhead [Xue97a], [AKN95], [RR02] or maximize memory data references locality [KRC99], [LRW91], [WL91a], [PHP03], [MHCF98]. Thus, we need an e‹cient method to allocate the tasks to a prede˛ned number of processors. In this thesis, as in [AKK04], [AKK03], some di¸erent assignment schemes for scheduling tiles onto a cluster with a ˛xed number of SMP nodes, will be proposed.

1.4 Thesis Contribution

The contribution of this thesis, can be mainly focused on the following two issues:

1. A theoretic model is supplied for scheduling tiles onto a cluster of SMP nodes, using either the overlapping or the non-overlapping execution policy, as described in [GSK01], [STK02], [HS98]. This is attained by grouping together tiles, which should be simultaneously executed by processors of the same node. Thus, the need for communication among processors of the same node is annihilated. They should only synchronize with each other

1.5 Thesis Overview 7

using a barrier or a semaphore. In addition, the subsequent communication among processors in di¸erent SMP nodes can be similarly grouped, which further reduces the overall communication overhead of a code segment.

2. In order to apply all above mentioned techniques and automatic code generation tools [Gou03] onto a cluster with a ˛xed number of nodes, ˛ve alternative assignment schemes for scheduling tiles are proposed. The advantages and disadvantages of each one are theoretically and experimentally investigated. Thus, the guidelines for selecting the appropriate assignment scheme for each tile space, are provided.

1.5 Thesis Overview

In Chapter 2 of this thesis, some basic preliminary concepts and the mathematical background required for the comprehension of our methodology are presented. First of all, some mathematical symbols used throughout the thesis are de˛ned. Then, we brie‚y describe the model of algorithms, which can be parallelized using the proposed techniques. In the sequel, some basic concepts from parallel processing, such as dependences and time scheduling, are described. In addition, some loop transformations, which have been widely used in compiler optimizations, are brie‚y discussed. They are divided into linear and non-linear transformations. Among non-linear loop transformations, we emphasize the tiling transformation, which will be used throughout the rest of this thesis. Finally, we outline the non-overlapping [HS98] and the overlapping [GSK01] execution policies, which constitute the base for the application of our theory.

In Chapter 3, a methodology for the construction of a tool, which can automatically produce parallel tiled code, is discussed. Special care is taken, so as the ˛nal tool to be e‹cient in consideration of both the time needed for the generation of the parallel code and the quality of the code produced. The e‹ciency at compile-time is enhanced by a reduction of the inequalities describing the tile space, through a proper expansion of the initial space boundaries. The e‹ciency at run-time is achieved by a transformation of the tile iteration space into a rectangular one. Finally, as far as the communication among processors is concerned, an enhancement of the ideas presented in [GDAK02a], [Gou03] for a cluster of single-processing nodes, is described.

In Chapter 4, the non-overlapping and the overlapping execution policies are generalized, so as to be applied on a cluster of shared memory multiprocessors. In order to achieve this generalization, we introduce the technique of grouping, which is a kind of tiling applied onto tiles. We determine the guidelines for the selection of the grouping transformation. Then, a valid and optimal time schedule for the subsequent group space is produced. We also indicate how computation tasks should be allocated to the processors. Finally, we theoretically and experimentally validate the techniques proposed.

In Chapter 5, we assume that a cluster with a ˛xed number of SMP nodes is available for the execution of the tiled iteration space. Thus, our scheduling needs to be adapted, so as to take into consideration that a ˛xed number of tiles can be computed at the same time. Five alternative schedules are proposed: cyclic assignment schedule (§5.2), mirror assignment schedule (§5.3), cluster assignment (§5.4), retiling (§5.5) and block-cyclic assignment schedule (§5.7). Then, we theoretically and experimentally argue about which one should be selected for the parallelization of a tile space.

In Chapter 6, we conclude with a summary of the arguments presented in this thesis and we report some future extensions of our work. In Appendix A a summary table of the symbols used throughout the thesis is provided. Appendix B constitutes a quick reference of our algorithmic assumptions. Finally, in Appendix C, some simple mathematical formulas, which are often used in this thesis, are proven.

1.6 Publications

INTERNATIONAL JOURNALS

• M. Athanasaki, A. Sotiropoulos, G. Tsoukalas, N. Koziris, and P. Tsanakas. Hyperplane Grouping and Pipelined Schedules: How to Execute Tiled Loops Fast on Clusters of SMPs. The Journal of Supercomputing, 33(3):197{226, Sep. 2005.

• G. Goumas, M. Athanasaki, and N. Koziris. An E‹cient Code Generation Technique for Tiled Iteration Spaces. IEEE Trans. on Parallel and Distributed Systems, 14(10):1021{ 1034, Oct. 2003.

• G. Goumas, M. Athanasaki, and N. Koziris. Code Generation Methods for Tiling Transformations. Journal of Information Science and Engineering, 18(5):667{691, Sep. 2002.

INTERNATIONAL CONFERENCES

• G. Goumas, N. Drosinos, M. Athanasaki, and N. Koziris. Automatic Parallel Code Generation for Tiled Nested Loops. In Proceedings of the 2004 ACM Symposium on Applied Computing (SAC 2004), pages 1412{1419, Nicosia, Cyprus, March 2004.

• M. Athanasaki, E. Koukis, and N. Koziris. Scheduling of Tiled Nested Loops onto a Cluster with a Fixed Number of SMP Nodes. In Proceedings of the 12-th Euromicro Conference on Parallel, Distributed and Network based Processing (PDP04), pages 424{433, A Coruna, Spain, Feb. 2004. IEEE Computer Society Press.

• M. Athanasaki, E. Koukis, and N. Koziris. E‹cient Scheduling of Tiled Iteration Spaces onto a Fixed Size Parallel Architecture. In Proceedings of the 9th Panhellenic Conference in Informatics, pages 178{192, Thessaloniki, Greece, Nov. 2003.

1.6 Publications 9

• N. Drosinos, G. Goumas, M. Athanasaki, and N. Koziris. Delivering High Performance to Parallel Applications Using Advanced Scheduling. In Proceedings of the Parallel Computing 2003 (ParCo 2003), Dresden, Germany, Sep. 2003.

• M. Athanasaki, A. Sotiropoulos, G. Tsoukalas, and N. Koziris. Pipelined Scheduling of Tiled Nested Loops onto Clusters of SMPs using Memory Mapped Network Interfaces. In Proceedings of the 2002 ACM/IEEE conference on Supercomputing (SC2002), Baltimore, Maryland, Nov. 2002. IEEE Computer Society Press.

• G. Goumas, N. Drosinos, M. Athanasaki, and N. Koziris. Compiling Tiled Iteration Spaces for Clusters. In Proceedings of the 2002 IEEE Int’l Conference on Cluster Computing, pages 360{369, Chicago, Illinois, Sep. 2002.

• M. Athanasaki, A. Sotiropoulos, G. Tsoukalas, and N. Koziris. A Pipelined Execution of Tiled Nested Loops on SMPs with Computation and Communication Overlapping. In Proceedings of the Workshop on Compile/Runtime Techniques for Parallel Computing, in conjunction with 2002 Int’l Conference on Parallel Processing (ICPP-2002), pages 559{ 567, Vancouver, Canada, Aug. 2002.

• G. Goumas, N. Drosinos, M. Athanasaki, and N. Koziris. Data Parallel Code Generation for Arbitrarily Tiled Nested Loops. In Proceedings of the 2002 Int’l Conference on Parallel and Distributed Processing Techniques and Applications, pages 610{616, Las Vegas, Nevada, USA, June 2002.

• G. Goumas, M. Athanasaki, and N. Koziris. Automatic Code Generation for Executing Tiled Nested Loops Onto Parallel Architectures. In Proceedings of the 2002 ACM Symposium on Applied Computing (SAC 2002), pages 876{881, Madrid, Spain, March 2002.

10 Introduction

2 Preliminary Concepts - Mathematical Background

In this chapter, we present some basic preliminary concepts and the mathematical background, which are necessary for the comprehension of the rest of this thesis. First of all, we supply an outline of the algorithmic model aimed by the techniques presented in this thesis. This model is further specified and restricted later on in this chapter. A summary of the restrictions imposed is also given in Appendix B. While going through this thesis, readers may use Appendix B as a quick reference of our algorithmic model. In addition, some terms originating from the scientific area of algebra (e.g. lexicographic order) are briefly defined in this chapter. Moreover, we discuss some concepts widely used in the area of parallel processing (e.g. dependence analysis, time scheduling, linear loop transformations, tiling). Finally, we outline the architectural characteristics, which are necessary for the implementation of the techniques described in this thesis.

2.1 Notation

Throughout this thesis, we indicate the set of natural numbers by N, and the set of natural numbers, excluding zero by N^∗ (N^∗ = N − {0}). In addition, we indicate the set of integer numbers by Z, and the set of integer numbers, excluding zero by Z^∗ (Z^∗ = Z − {0}).

In addition, when writing ⃗a > 0 (or ⃗a ≥ 0), we mean that all coordinates of vector ⃗a should be positive (or non negative). Similarly, when writing A > 0 (or A ≥ 0), where A is a matrix, we mean that all elements of A should be positive (or non negative).

By ⌊⃗a⌋, we imply the application of the ‚oor integer function to all coordinates of ⃗a. Similarly, by ⌊A⌋, we imply the application of the ‚oor integer function to all elements of matrix A.

2.2 Algorithmic Model - Nested for-loops

The methods proposed in this thesis may be applied to any code segment of perfectly nested for-loops with uniform data dependences (see §2.3) [SF91]. That is, our algorithms are of the form:

for (j_1=l_1; j_1 ≤ u_1; j_1 + +){ ... for (j_n=l_n; j_n ≤ u_n; j_n + +){ Loop Body } ... } where l_1 and u_1 are integer parameters, l_k and u_k (k = 2, . . . , n) are functions of the outer loop indices. Speci˛cally, they may have the form:

l_k = max(⌈f_{k1}(j_1, . . . , j_{k−1})⌉, . . . , ⌈f_{kr}(j_1, . . . , j_{k−1})⌉)

and u_k = min(⌊g_{k1}(j_1, . . . , j_{k−1})⌋, . . . , ⌊g_{kr}(j_1, . . . , j_{k−1})⌋)

where f_{ki} and g_{ki} are a‹ne functions. Therefore, we are not only dealing with rectangular iteration spaces, but also with more general convex spaces, with the only assumption that the iteration space is de˛ned as the bisection of a ˛nite number of semi-spaces of the n-dimensional space Z^n.

Each iteration of this code segment is represented by an n-dimensional vector

⃗j = (j_1, j_2, . . . , j_n) ∈ Z^n,

2.2 Algorithmic Model - Nested for-loops 13

called as iteration vector. Each coordinate of the iteration vector represents one of the loop indices. Coordinate j_1 represents the outermost loop index, while j_n represents the innermost one.

De˛nition 2.1 We define as iteration space the set of iteration vectors (representing iterations), which are to be traversed during the execution of a nested for-loop code segment, as described in page 12.

J^n = {⃗j = (j_1, j_2, . . . , j_n)|j_i ∈ Z ∧ l_i ≤ j_i ≤ u_i, 1 ≤ i ≤ n}

The iteration space J^n can also be described with a system of linear inequalities. An inequality of this system expresses a boundary surface of the iteration space. Thus, J^n can be equivalently de˛ned as:

J^n = {⃗j ∈ Z^n|B⃗j ≤ ⃗b} (2.1)

Matrix B and vector ⃗b can be easily derived from the a‹ne functions l_k and u_k and vice versa.

Each iteration ⃗j = (j_1, j_2, . . . , j_n) ∈ Z^n may be represented in the n-dimensional space by point (j_1, j_2, . . . , j_n). In consequence, the iteration space may be represented as a subset of Z^n, as indicated in the following example.

Example 2.1: The following nested for-loops are consistent to the algorithmic model described in this section.

1. Rectangular iteration space:

for (j_1=0; j_1 ≤ 7; j_1 + +) for (j_2=0; j_2 ≤ 5; j_2 + +){ Loop Body } Matrices B and ⃗b, corresponding to this loop segment, can be derived as follows:

j_1 ≤ 7 j_1 ≥ 0 j_2 ≤ 5 j_2 ≥ 0

� � � � � � � ⇔

� � � � �

1 0 −1 0 0 1 0 −1

� � � � � ⃗j ≤

� � � � �

7 0 5 0

� � � � �

2. Trapezoidal iteration space:

for (j_1=0; j_1 ≤ 7; j_1 + +) for (j_2=0; j_2 ≤ 9 − j_1; j_2 + +){

Loop Body } Matrices B and ⃗b, corresponding to this loop segment, can be derived as follows:

j_1 ≤ 7 j_1 ≥ 0 j_2 ≤ 9 − j_1 j_2 ≥ 0

� � � � � ⇔

� � � � �

1 0 −1 0 1 1 0 −1

� � � � � ⃗j ≤

� � � � �

7 0 9 0

� � � � �

3. Convex space:

for (j_1=0; j_1 ≤ 7; j_1 + +) for (j_2=max(0, 1 − j_1); j_2 ≤ min(6, 9 − j_1); j_2 + +){ Loop Body } Matrices B and ⃗b, corresponding to this loop segment, can be derived as follows:

j_1 ≤ 7 j_1 ≥ 0 j_2 ≤ 6 j_2 ≤ 9 − j_1 j_2 ≥ 0 j_2 ≥ 1 − j_1

� � � � � � � � �

⇔

� � � � � � � �

1 0 −1 0 0 1 1 1 0 −1 −1 −1

� � � � � � � � ⃗j ≤

� � � � � � � �

7 0 6 9 0 −1

� � � � � � � �

The respective iteration spaces can be represented in a 2-dimensional space, as depicted in Figure 2.1.

According to the constraints concerning the form of loop bounds l_i, u_i, iteration space J^n may be a convex subset of Z^n. This model is compatible with several real applications, mainly from the scienti˛c areas of maths, physics, molecular biology, e.t.c. For example, we may refer to some of them: Jacobi, Gauss Successive Over-Relaxation - SOR, Alternative Direction Implicit Integration - ADI [GDAK02a], Texture Smoothing - TS [PB99], 9-point Star Di¸erential Equation Stencil - PDE [AI91], Global Sequence Alignment - Fickett’s Algorithm [ABRY03].

Unless a loop transformation is applied, the iterations of a nested-loop code segment are executed sequentially, in lexicographic order.

De˛nition 2.2 Iteration ⃗j is lexicographically previous than iteration ⃗j^′ (⃗j ≺ ⃗j^′), iff j_i = j^′_i, ∀i =

1, . . . , k − 1 ∧ j_k < j^′_k, k ≤ n.

2.3 Dependence Vectors 15

Figure 2.1: Example 2.1 - Graphical representation of 2-dimensional iteration spaces onto Z^n For example, it holds that (1, 2, 5) ≺ (4, 1, 0) ≺ (4, 1, 1) ≺ (4, 3, −8). In Figure 2.2, we have depicted the lexicographic order, which is coincident to the program order, for the iterations of the code segment in Example 2.1(3).

2.3 Dependence Vectors

De˛nition 2.3 Iteration ⃗j_2 is dependent on iteration ⃗j_1 iff

1. All three conditions are valid:

(a) ⃗j_1 ≺ ⃗j_2 and (b) Both iterations ⃗j_1, ⃗j_2 access the same memory data item M and (c) At least one of these memory data accesses is a write access, or, 2. Iteration ⃗j_2 is dependent on iteration ⃗j_3 and iteration ⃗j_3 is dependent on iteration ⃗j_1.

Figure 2.2: Lexicographic order of iterations for the iteration space of Example 2.1(3). It is coincident to the order of execution of the iterations if no transformation is applied to the iteration space.

In the first case, ⃗j_2 is directly dependent on ⃗j_1, while in the second one, ⃗j_2 is indirectly dependent on ⃗j_1.

When ⃗j_2 is dependent on ⃗j_1, we equivalently say that there is a dependence between iterations ⃗j_1 and ⃗j_2. Formally, dependences are modelled by dependence vectors: ⃗d = ⃗j_2 − ⃗j_1.

Dependence analysis is especially critical for the parallelization of programs, since any two iterations can be executed in parallel, if there is no direct or indirect dependence between them [Ber66], [Ban94]. However, when modelling dependences using dependence vectors, we only deal with direct dependences. Indirect dependences are implied.

Direct dependences are distinguished into three categories [Ban88]:

• ‚ow or true dependences, if iteration ⃗j_1 writes on M and dependent iteration ⃗j_2 reads the value of M.

• anti-dependences, if iteration ⃗j_1 reads the value of M and then dependent iteration ⃗j_2 writes on M.

• output dependences, if both iterations ⃗j_1 and ⃗j_2 write on M.

In our algorithmic model, we only deal with ‚ow or true dependences. Anti-dependences and output dependences can be eliminated using more variables [CDRV98]. In addition, notice that, in our algorithmic model (§2.2), all dependence vectors are considered as uniform, i.e. independent of the indices of computations. Thus, we may construct the dependence matrix D of a code segment, which consists of all dependence vectors starting from any iteration of J^n. Each dependence vector forms a column of matrix D: D = [d_1|d_2|...|d_q].

2.4 Fourier-Motzkin Elimination Method 17

Example 2.2: Let us consider the nested for-loop code segment:

for (j_1=0; j_1 ≤ 7; j_1 + +) for (j_2=max(0, 1 − j_1); j_2 ≤ min(6, 9 − j_1); j_2 + +){ A[j_1,j_2] = B[j_1 + 4,j_2]+A[j_1 − 2,j_2] B[j_1,j_2] = A[j_1 − 3,j_2 + 1] -A[j_1,j_2 − 1] } Iteration (j_1, j_2) reads matrix elements A[j_1 − 2, j_2], A[j_1 − 3, j_2 + 1], A[j_1, j_2 − 1], which are written by iterations (j_1 − 2, j_2), (j_1 − 3, j_2 + 1), (j_1, j_2 − 1), respectively. Thus, there are true or ‚ow dependences: ⃗d_1 = (2, 0), ⃗d_2 = (3, −1), ⃗d_3 = (0, 1). In addition, iteration (j_1, j_2) reads matrix element B[j_1 + 4, j_2], which is later written by iteration (j_1 + 4, j_2), imposing anti-dependence ⃗d_4 = (4, 0). Therefore, the dependence matrix of this code segment is: D = � 2 3 0 4 0 −1 1 0 � . Notice that all four dependence vectors are lexicographically positive.

In order to eliminate anti-dependence ⃗d_4 = (4, 0), we may equivalently rewrite the previous code segment as follows:

for (j_1=0; j_1 ≤ 7; j_1 + +) for (j_2=max(0, 1 − j_1); j_2 ≤ min(6, 9 − j_1); j_2 + +) B temp[j_1 + 4,j_2] = B[j_1 + 4,j_2] for (j_1=0; j_1 ≤ 7; j_1 + +) for (j_2=max(0, 1 − j_1); j_2 ≤ min(6, 9 − j_1); j_2 + +){ A[j_1,j_2] = B temp[j_1 + 4,j_2]+A[j_1 − 2,j_2] B[j_1,j_2] = A[j_1 − 3,j_2 + 1] -A[j_1,j_2 − 1] } The dependence matrix for the second nested for-loop of this code segment is: D = � 2 3 0 0 −1 1 � . These dependences can be graphically represented, as depicted in Figure 2.3.

2.4 Fourier-Motzkin Elimination Method

The Fourier-Motzkin elimination method (FME) can be used to convert a system of linear inequalities A⃗x ≤ ⃗a into a form, in which the lower and upper bounds of each element x_i of the vector ⃗x is expressed in terms of the elements x_1, . . . , x_{i−1} only. This fact is very important when using a nested loop, in order to traverse an iteration space J^n de˛ned by a system of inequalities. In this case, the bounds of index j_k of the nested loop must be expressed in terms of the k − 1 outer indices only. This means that the Fourier-Motzkin elimination method can convert a system describing a general iteration space into a form suitable for use in nested loops.

After applying the Fourier-Motzkin elimination method, the eliminated system consists of a

Figure 2.3: Example 2.2 - Graphical representation of flow dependences

very large number of inequalities describing the bounds of each variable x_i, but some of them are not necessary for the calculation of x_i’s bounds. The unnecessary inequalities must be eliminated to simplify the resulting system. In order to remove the redundant inequalities, two methods have been proposed: the ad-Hoc simpli˛cation method and the exact simpli˛cation method. A full description of the Fourier-Motzkin elimination method, the ad-Hoc simpli˛cation and the exact simpli˛cation is presented in [BW95].

If the initial system of inequalities consists of k inequalities with n variables, then the complexity of the Fourier-Motzkin elimination algorithm can be expressed by the formula ([Jim99]):

Complexity = O( k^{2n} 2^{2(n+1)−2}

) ≈ O(( k 2 )^{2n} )

The Fourier-Motzkin elimination method is extremely complex, since it depends doubly exponentially on the number of loops involved.

In addition, a single application of the method is almost always useless, since it results to a lot of inequalities, which are not necessary for the calculation of the loop bounds. They should be calculated a lot of times during the execution of the ˛nal code and impose an unacceptable overhead to the ˛nal code execution. Thus, the above simpli˛cation methods should be applied, in order to eliminate the redundant inequalities. The ad-Hoc simpli˛cation method, which is quite fast, achieves to eliminate only some of the redundant inequalities. The rest of them should be eliminated with the use of the exact simpli˛cation method. It applies once the Fourier- Motzkin elimination method for each inequality of the ˛nal system, in order to check whether it is redundant. Thus, it increases considerably the complexity of the ˛nal program.

2.5 Time Scheduling

When parallelizing a nested for-loop, one should primarily reorganize the sequential execution of iterations, in order to create parallel regions, which may be executed at the same time by di¸erent CPUs. The ˛nal goal is the minimization of the total execution time. This is the case when no other applications are running simultaneously on the same computing system and thus we are not interested in the interaction among di¸erent applications.

The functions which map the iterations of a nested for-loop onto di¸erent time instances, are called time scheduling functions. When devising a time scheduling function, our goal is to enable the execution of as many parallel iterations as possible, so as to achieve the minimum total execution time, without modifying the results produced by the initial sequential execution of the program.

In order to certify that the results produced by the initial sequential execution are not modi˛ed, a time schedule must respect the initial program dependences. In other words, it should map iterations connected by a dependence vector to distinct execution steps. In this way, it is ensured that only those iterations of the initial nested for-loop that have no direct or indirect dependence among them will be executed in parallel. Thus, a time schedule is valid when for each dependence vector, the source iteration is mapped to a time instance previous than the destination iteration.

De˛nition 2.4 Time scheduling function s : J^n → Z is valid for a nested for-loop, with a dependence matrix D, iff for each pair of iterations ⃗j_1, ⃗j_2 ∈ J^n : ⃗j_2 = ⃗j_1 + ⃗d, ⃗d ∈ D, it holds that s(⃗j_1) < s(⃗j_2).

2.5.1 Linear Time Scheduling Linear time scheduling is a special case of time scheduling. It arises when the scheduling function s(⃗j) is linear. Linearity is convenient, as we shall see in Chapters 4 and 5, since it results in a regular assignment of iterations or tiles (see §2.6.2 for a de˛nition of tile) to CPUs.

De˛nition 2.5 We define as linear time scheduling of a nested for-loop, any time scheduling s_Π, such that: ∀⃗j ∈ J^n s_Π(⃗j) = ⌊

Π⃗j^T + t_0 dispΠ ⌋ where Π ∈ Z^{1×n}, dispΠ = min{Π⃗d_i^T : ⃗d_i ∈ D} and t_0 is an integer constant.

We notice that in De˛nition 2.5:

• Row-vector Π is called as linear scheduling vector.

• Integer constant t_0 is called as alignment constant.

• Constant dispΠ is called as displacement constant.

Linear scheduling vector Π de˛nes a class of hyperplanes such that: All iterations of J^n belonging to the same hyperplane are mapped to the same time instance. When using the term hyperplane, we mean a beeline for a 2-dimensional iteration space, a ruled surface for a 3-dimensional iteration space and so on.

It can be proven [PTK98] that a linear time scheduling preserves depedences i¸

∀⃗d_i ∈ D : Π⃗d_i^T > 0 (2.2)

According to a linear time scheduling s_Π, the time required for the execution of a nested for-loop (makespan) is calculated with the use of formula:

℘_{= max{sΠ(}⃗_{j) :} ⃗_{j ∈ J}^n_{} − min{sΠ(}⃗_{j) :} ⃗_{j ∈ J}^n_{} + 1 (2.3)}

Example 2.3: In this example, we will produce a parallel time schedule for the iterations of the nested for-loop code segment:

for (j_1=0; j_1 ≤ 7; j_1 + +) for (j_2=max(0, 1 − j_1); j_2 ≤ min(6, 9 − j_1); j_2 + +){ A[j_1,j_2] = B temp[j_1 + 4,j_2]+A[j_1 − 2,j_2] B[j_1,j_2] = A[j_1 − 3,j_2 + 1] -A[j_1,j_2 − 1] } The dependences of this nested for-loop have been designed in Figure 2.3. Let us select vector Π = � 1 1 � , as a linear scheduling vector for this iteration space.

Π ⃗d_1^T = � 1 1 � � 2 0 � = 2 > 0,

Π ⃗d_2^T = � 1 1 � � 3 −1 � = 2 > 0,

Π ⃗d_3^T = � 1 1 � � 0 1 � = 1 > 0,

According to formula (2.2), Π is a valid scheduling vector for this example. In addition, according to De˛nition 2.5, dispΠ = min{Π⃗d_i^T : ⃗d_i ∈ D} = 1. If we set t_0 = −1, then we get:

s_Π(j_1, j_2) = j_1 + j_2 − 1

In Figure 2.4 we have depicted the resulting time schedule. Notice that, according to formula (2.3), the makespan is ℘= 9.

Figure 2.4: Example 2.3 - Time Schedule produced by linear scheduling vector Π = [1 1]. The dashed lines indicate the class of hyperplanes-beelines defined by the linear scheduling vector Π (Π⃗j = constant). The grey areas include iterations that are mapped to the same time instance, according to the scheduling function s_Π(j_1, j_2) = j_1 + j_2 − 1. Since dispΠ = 1, each grey area includes only one hyperplane.

If we select vector Π = � 2 3 � , as a linear scheduling vector:

Π ⃗d_1^T = � 2 3 � � 2 0 � = 4 > 0,

Π ⃗d_2^T = � 2 3 � � 3 −1 � = 3 > 0,

Π ⃗d_3^T = � 2 3 � � 0 1 � = 3 > 0,

According to formula (2.2), Π is a valid scheduling vector for this example. In addition, according to De˛nition 2.5, dispΠ = min{Π⃗d_i^T : ⃗d_i ∈ D} = 3. If we set t_0 = −2, then we get:

s_Π(j_1, j_2) = ⌊

2j_1 + 3j_2 − 2 3 ⌋

In Figure 2.5 we have depicted the resulting time schedule. Notice that, according to formula (2.3), the makespan is ℘= 8.

Figure 2.5: Example 2.3 - Time Schedule produced by linear scheduling vector Π = [2 3]. The dashed lines indicate the class of hyperplanes-beelines defined by the linear scheduling vector Π (Π⃗j = constant). The grey areas include iterations that are mapped to the same time instance, according to the scheduling function s_Π(j_1, j_2) = ⌊^{2j1+3j2−2}_3 ⌋. Since dispΠ = 3, each grey area includes 3 hyperplanes.

2.6 Loop Transformations

2.6.1 Linear Loop Transformations

Linear transformations, which are often used in loop transformation literature can be distinguished into three main categories:

1. loop interchange

2. loop reversal

3. loop skewing Each linear loop transformation can be represented by a n × n transformation matrix T .

Thus, iteration ⃗j of the initial iteration space is mapped to iteration T⃗j of the ˛nal iteration space and dependence vector ⃗d_i is transformed to dependence vector T ⃗d_i. A loop transformation results in a code segment equivalent to the original one i¸ it preserves dependences, that is i¸ all transformed dependence vectors are lexicographically positive (∀⃗d_i ∈ D it holds T ⃗d_i ≻ ⃗0) [WL91b].

If more than one linear transformations T_1, T_2 are successively performed, the ˛nal loop transformation can be represented by the product of the respective transformation matrices T = T_2T_1.

Loop interchange transforms iteration vector (j_1, j_2) into iteration vector (j_2, j_1) (see Fig-

ure 2.6). This transformation can be represented by matrix T = � 0 1 1 0 � . Thus

⃗j′ = � 0 1 1 0 � � j_1 j_2 � = � j_2 j_1 �

Figure 2.6: Graphical representation of an interchange transformation Two successive loop interchanges can model a cyclic exchange of three loop indices, so as the innermost loop index j_3 to become the outermost one. First, interchange of loop

indices j_2, j_3 is represented by matrix T_1 = � � � 1 0 0 0 0 1 0 1 0

� � �. Second, interchange of loop

indices j_1, j_2 is represented by matrix T_2 = � � � 0 1 0 1 0 0 0 0 1

� � �. The total transformation is represented by matrix T = T_2T_1 = � � � 0 0 1 1 0 0 0 1 0

� � �.

Loop reversal is modelled by multiplying a loop index by −1. For example, the reversal transformation depicted in Figure 2.7 is modelled by transformation matrix T = � 1 0 0 −1 � .

Figure 2.7: Graphical representation of a reversal transformation

Loop skewing adds a loop index multiple to another loop index. For a 2-dimensional iteration space, it can be modelled by a transformation matrix T = � 1 0 f 1 � or T = � 1 f 0 1 � , where f ∈ Z. For example, the transformation shown in Figure 2.8 is represented by matrix T = � 1 1 0 1 � .

All above loop transformations are unimodular transformations and are represented by unimodular matrices.

De˛nition 2.6 A square matrix A is unimodular, if it consists of only integer elements and its determinant equals to ±1.

Unimodular transformations have a very useful property: their inverse transformation is integral as well. On the other hand the inverse of a non-unimodular matrix is not integral, which causes the transformed space to have holes. We call holes the integer points of the transformed space that have no integer anti-image in the original space.

Figure 2.8: Graphical representation of a skewing transformation

De˛nition 2.7 Let A be an m × n integer matrix. We call the set L(A) = {⃗y|⃗y = A⃗x ∧⃗x ∈ Z^n} the lattice that is generated by the columns of A.

Consequently, we can de˛ne the holes of a non-unimodular transformation as follows: if T is a non-unimodular transformation, we call holes the points ⃗j^′ ∈ Z^n, such that T^{−1}⃗j^′ /∈ Z^n. On the contrary, we call actual points of a non-unimodular transformation T the points ⃗j^′ ∈ Z^n, for which it holds T^{−1}⃗j^′ ∈ Z^n ⇔ ⃗j^′ ∈ L(T ). Figure 2.9 shows the image of an iteration space after the application of a unimodular and a non-unimodular transformation. Holes are depicted with white dots and actual points with grey ones. It has been proven in [Ram92] that if T is a m × n integer matrix, and C is an n × n unimodular matrix, then L(T ) = L(T C).

De˛nition 2.8 We say that a square, non-singular matrix H = [ ⃗h_1, . . . , ⃗h_n] ∈ R^{n×n} is in column hermite normal form (HNF) iff H is lower triangular (h_{ij} ≠ 0 implies i ≥ j) and for all i > j, 0 ≤ h_{ij} < h_{ii} (the diagonal is the greatest element in the row and all entries are positive.)

As proven in [Ram92], if T is a m × n integer matrix of full row rank, then there exists an n × n unimodular matrix C such that T C = [ ~T 0] and ~T is in hermite normal form. Every integer matrix with full row rank has a unique hermite normal form. It holds that L(T ) = L( ~T ), which means that an integer matrix of full row rank and its hermite normal form produce the same lattice. This property is very useful for code generation of tiled spaces, as we shall see in Chapter 3.

Figure 2.9: Unimodular and non-unimodular transformations.

The main difference between unimodular and non-unimodular transformations is that: The former constitute a 1-1 function from Z^n to Z^n. The latter results to “holes” in the transformed space, which do not have an integer anti-image in the initial space, as depicted by white dots in this figure.

2.6.2 Tiling or Supernode Transformation

Fine vs. Coarse grained parallelism

When parallelizing a code segment, apart from performing a dependence analysis and determining which iterations may be executed simultaneously (as seen in §2.5), we should also determine which iterations will be executed by which processors. For example, the schedule depicted in Figure 2.4, can be implemented by assigning a row of iterations to each processor, as seen in Figure 2.10. This partitioning of the iteration space can supply an intuition of ˛ne grain parallelism [PTK98]. The goal of this mapping is the parallel execution of as many iterations as possible.

In Figure 2.10, we have erased dependences among iterations assigned to the same processor. Only dependences among iterations assigned to di¸erent processors are represented by black arrows. These dependences correspond to data computed in a processor, which should be used in computations executed by another processor. Thus, they correspond to data that should be somehow transferred from a processor to another. This transfer implies a communication overhead, which may be minimal, when a systolic parallel architecture is embedded on chip [PTK98], or vast when implemented upon a message passing interface, such as MPI [MPI94], [MPI97].

The volume of data that must be transferred may be large enough to annihilate the advantages of parallelization. It is strongly possible that the parallel program will take longer to execute than the sequential one. The problem in this implementation is not only the amount of data to be transferred, but also the number of distinct messages encapsulating the data. Thus,

Figure 2.10: Fine-grained parallelism.

In this figure, iterations along the same dashed line are executed at the same time. Iterations inside the same grey area are executed by the same processor. Dependences among iterations assigned to the same processor have been eliminated. With black arrows, we have depicted only dependences among iterations assigned to different processors.

in order to achieve an e‹cient parallelization one should devise a way to

1. reduce the amount of data transferred and

2. group them into fewer messages.

Both of these objectives can be achieved by a supernode or tiling transformation, that is by grouping together a number of neighboring iterations and considering them as an atomic unit. Then, instead of scheduling iterations, we schedule tiles. Communication occurs before and after the execution of a whole tile. In other words, a processor should receive the data required for the computation of a tile, before the execution of this tile’s iterations start, and send data computed inside this tile, after the execution of the entire tile has been completed. Thus, apart from reducing the amount of data to be transferred, we may also group in a single message the transmission of data computed in the same tile, as seen in Figure 2.11.

An Intuitive De˛nition of Tiling Transformation

In general, when applying tiling, an n-dimensional iteration space J^n is partitioned by n independent families of parallel hyperplanes into n-dimensional hyperparallelepipeds, named as tiles. Each tile is represented by an n-dimensional vector ⃗j^S = (j^S_1 , j^S_2 , . . . , j^S_n ) ∈ Z^n, called as tile vector (in correspondence to iterations being represented by iteration vectors). In Figure 2.12 we have indicated the tile vector, which identi˛es each tile.

In addition, each tile has a unique starting iteration, called as tile origin iteration. Iteration (0, . . . , 0) is the origin iteration of tile (0, . . . , 0). In order to identify the origin iteration

Figure 2.11: Coarse-grained parallelism.

Iterations within the same parallelogram are grouped together in the same tile. Neighboring tiles of the same shade are assigned to the same processor and executed successively. Dependences among iterations assigned to the same processor have been eliminated. In addition, dependences with origin inside the same tile have been depicted with arrows of the same shade. The respective data transfers can be grouped in a single message.

of another tile ⃗j^S_x , we should parallely shift tile (0, . . . , 0), so as to be congruent with tile ⃗j^S_x . Then, the iteration of tile ⃗j^S_x , which is congruent with iteration (0, . . . , 0) is the origin iteration of tile ⃗j^S_x . In Figure 2.12 we have pointed out the origin iteration of each tile. Notice that tile origin iterations may not be included in the iteration space. For example, in Figure 2.12, iteration (0, . . . , 0), which is the origin iteration of tile (0, . . . , 0), is not included in J^n. In order to distinguish this iteration from other tile origin iterations, we have depicted it as a white dot.

A tiling transformation can be uniquely de˛ned by n vectors-edges of the tiles-hyperparal-lelepipeds. Thus, a tiling transformation can be de˛ned by an n × n matrix P , called inverse tiling matrix, whose columns consist of the above mentioned vectors-edges. For example, in Figure 2.13, we have indicated how the inverse tiling matrix is derived from Figure 2.12.

Dually, a tiling transformation can be de˛ned by an n × n matrix H = P^{−1}, called tiling matrix. Each row-vector of H is perpendicular to a class of hyperplanes partitioning the iteration space into tiles.

The tiling matrix H has some important properties concerning tiling transformation:

1. Iteration ⃗j is mapped to tile ⃗j^S = ⌊H⃗j⌋.

2. Iteration ⃗j_0 = H^{−1} ⃗j^S is the origin iteration of tile ⃗j^S.

Figure 2.12: Tiling Transformation.

The iterations inside the same grey area are mapped to the same tile. Each tile is identified by a unique tile vector, which has been indicated inside the respective grey area. Black dots represent the origin iterations of each tile. Notice that tile origin iterations may not be included in the iteration space. See, for example, the tile origin iterations of tiles (0, 0) and (1, 0), which have been designed as white dots.

Notice that, as far as parallel processing is concerned, tiling transformation is useful only in case the iteration space cannot be partitioned into independent subsets. This happens when the class of dependence matrix D equals to n. Otherwise, the independent subsets may be assigned one to each processor [WL91b], [Hol92], [SF92], [PC89]. Then, there is no need for communication among processors during the execution of the iteration space (see, for example, Figure 2.14).

A Formal De˛nition of Tiling Transformation

Formally, tiling transformation is de˛ned as follows:

r : Z^n −→ Z^{2n}, r(⃗j) = � ⌊H⃗j⌋ ⃗j − H^{−1}⌊H⃗j⌋ �

where vector ⌊H⃗j⌋ identi˛es the coordinates of the tile that index point ⃗j = (j_1, j_2, . . . , j_n) is mapped to, and ⃗j − H^{−1}⌊H⃗j⌋ gives the coordinates of ⃗j within that tile relative to the tile

Figure 2.13: Construction of Tiling Matrices.

Matrix P consists of the edge-vectors of the tile-hyperparallelepiped. Matrix H is the inverse of matrix P .

origin. Thus, the initial n-dimensional iteration space J^n is transformed to a 2n-dimensional one, consisting of the n-dimensional space of tiles (tile space) and the n-dimensional space of indices within tiles (tile iteration space).

• The tile space J^S is de˛ned as follows:

J^S = { ⃗j^S| ⃗j^S = ⌊H⃗j⌋,⃗j ∈ J^n} (2.4)

It can be also written as

J^S = { ⃗j^S = (j^S_1 , . . . , j^S_n )|j^S_i ∈ Z ∧ l^S_i ≤ j^S_i ≤ u^S_i , 1 ≤ i ≤ n}

where l^S_i , u^S_i can be directly computed from the functions l_1, . . . , l_n, u_1, . . . , u_n and the tiling matrix H, as described in [AI91], [GAK03] and in Chapter 3 of this thesis. Each point ⃗jS in this n-dimensional integer space J S is a distinct tile with coordinates (jS_1 , jS_2 , . . . , jS_n ).

• The tile iteration space

T IS = {⃗j ∈ Z^n|0 ≤ ⌊H⃗j⌋ < 1} (2.5)

contains all points that belong to the tile starting at the axes origins.

• The tile origin space

T OS = {⃗j_0 ∈ Z^n|⃗j_0 = H^{−1} ⃗j^S, ⃗j^S ∈ J^S} (2.6)

contains the origins of tiles in the original iteration space.

Thus, it holds: J^{n H}−→ J^S and J^{S P}−→ T OS. Note that all points of J^n that belong to the same tile, are mapped to the same point of J^S. Note also that T OS is not necessarily a subset of

Figure 2.14: When the class of dependence matrix D is less than n we can partition the n-dimensional iteration space into independent subsets. Thus, we achieve parallelization of this iteration space with no communication at all.

J^n, since there may exist tile origins which do not belong to the original iteration space J^n, but some iterations within these tiles do belong to J^n. These tile origins are depicted in Figure 2.12 by white dots.

Points belonging to the same tile with tile origin ⃗j_0 ∈ T OS, satisfy the system of inequalities

0 ≤ H(⃗j − ⃗j_0) < 1 (2.7)

In order to deal with integer inequalities, we de˛ne g to be the smallest natural number such that gH is an integer matrix. Thus, we can rewrite the above system of inequalities as follows: 0 ≤ gH(⃗j − ⃗j_0) < g ⇔

0 ≤ gH(⃗j − ⃗j_0) ≤ (g − 1) (2.8)

We denote S = � gH −gH � and ⃗s = � (g − 1)⃗1 ⃗0 �

Equivalently, system (2.8) becomes:

S(⃗j − ⃗j_0) ≤ ⃗s (2.9)

Note that if ⃗j_0 = 0, S(⃗j − ⃗j_0) ≤ ⃗s is satis˛ed i¸ a point belongs to T IS.

Example 2.4: If we apply the tiling transformation of Figure 2.12 to the iteration space of Example 2.3, then, as shown in Figure 2.12,

1. J^n is transformed by matrix H to the tile space

J^S = {(0, 0), (0, 1), (0, 2), (0, 3), (1, 0), (1, 1), (1, 2), (1, 3), (2, 1), (2, 2)}

2. The tile iteration space contains the points T IS = {(0, 0), (0, 1), (1, 0), (1, 1), (2, 0), (2, 1)}.

3. The tile space is transformed by matrix P to the tile origin space

T OS = {(0, 0), (0, 2), (0, 4), (0, 6), (3, −1), (3, 1), (3, 3), (3, 5), (6, 0), (6, 2)}

Note that points (0, 0), (3, −1) ∈ T OS do not belong to J^n.

Since g = 6, the system of inequalities S(⃗j − ⃗j_0) ≤ ⃗s describing the boundaries of a tile is � � � � �

2 0 1 3 −2 0 −1 −3

� � � � � � j_1 − j_{01} j_2 − j_{02} � ≤

� � � � �

5 5 0 0

� � � � �

2.6.3 Tile Dependences As seen in page 27, one of the ˛nal goals of tiling is to construct a more e‹cient parallel execution schedule for a speci˛c application. Instead of scheduling iterations, as in §2.5, we should now schedule tiles. Thus, instead of dependences among iterations (see De˛nition 2.4), we should take into consideration the dependences among tiles.

Dependences among tiles are given by the column-vectors of the tile dependence matrix D^S, which is de˛ned as follows:

D^S = { ⃗d^S| ⃗d^S = ⌊H( ⃗j_{t0} + ⃗d)⌋, ⃗d ∈ D, ⃗j_{t0} ∈ Z^n ∧ ⌊H ⃗j_{t0} ⌋ = 0},

where ⃗j_{t0} denotes the index points belonging to the ˛rst complete tile starting from iteration

(0, . . . , 0) (tile (0, . . . , 0)).

Given an algorithm with dependence matrix D, for a tiling to be legal, it must hold HD ≥ 0 (see [IT88], [RS92]). This ensures that tiles are atomic and that the initial execution order is preserved. In the opposite case, any execution order of tiles would result in a deadlock (see Figure 2.15).

Figure 2.15: Validity of a tiling transformation.

All elements of matrix HD should be non-negative. In this figure ⃗h_2 ⃗d_1 < 0. Thus, we can find no time scheduling of tiles which preserves dependences. For example, tile (1, 2) is dependent on tile (1, 1) and tile (1, 1) is dependent on tile (1, 2). Assuming an atomic execution of tiles, this tiling results to a deadlock.

In this thesis, as in [GSK01], we assume that all dependence vectors are smaller than the tile size, thus they are entirely contained in each tile’s area. This means that all elements of matrix HD are smaller than 1 (⃗h_i ⃗d_j ≤ 1, ∀i, j = 1, . . . , n) [Xue97b], or, alternatively, that the tile dependence matrix D^S contains only 0’s and 1’s. This assumption is quite reasonable, since dependence vectors for common problems are relatively small, while tile sizes may result to be orders of magnitude greater in systems with very fast processors. In this case every tile needs to exchange data only with its nearest neighbors, one in each dimension of J^S.

2.7 Overlapping vs. Non-Overlapping Execution

2.7.1 Non-Overlapping Execution Policy

In [HS98], Hodzic and Shang have presented a scheme for scheduling loops that have been transformed by a tiling transformation. Their approach is to minimize the total execution time, as follows: First, the optimal tiling matrix H is determined and then the tiling transformation H is applied to the original iteration space. The resulting tile space J^S is scheduled using a linear time hyperplane Π. All tiles along a certain dimension are mapped to the same processor. Total execution of tiles consists of successive computation phases interleaved with communication ones. A processor receives the data needed to execute a tile at time step i, performs the computations and sends to its neighboring processors the boundary data, which will be used for tile calculations in time step i + 1.

Thus, the total execution time is given by formula:

T_{nonoverlap} = ℘(t_{comp} + t_{comm}) (2.10)

where ℘ is the number of time steps needed to complete the parallel execution (makespan), t_{comp} is the execution time of a tile and t_{comm} is the communication time.

Therefore, the overall parallel loop execution consists of atomic computations of tiles interleaved with communication for the transmission of the results to neighboring processors. Since the tile space J^S has only the unitary dependence vectors (see §2.6.3 and §B.5), the optimal linear time schedule can be easily proven to be: Π = [1 1 . . . 1] [HS98]. In Figure 2.16, the non-overlapping execution policy is shown.

A possible implementation of this execution model can be summarized by the following pseudocode:

foracross (t_1=l^S_1 ; t_1 ≤ u^S_1 ; t_1 + +) ... foracross (t_{n−1}=l^S_{n−1}; t_{n−1} ≤ u^S_{n−1}; t_{n−1} + +) /*Sequential execution of tiles assigned to this CPU*/ for (t_n=l_n; t_n ≤ u_n; t_n + +){

Receive data from neighboring tiles Compute this tile Send data to neighboring tiles }

2.7 Overlapping vs. Non-Overlapping Execution 35

Figure 2.16: Non-overlapping Execution Policy for a tile space, using six processors. We see that the overall schedule has computation subphases interleaved with communication ones.

2.7.2 Overlapping Execution Policy The previous quite straightforward model of execution results in very good execution times, since it exploits all inherent parallelism at the tile level. However, one of its important drawbacks is that each processor has to wait for essential data before starting the computation of a certain tile, and wait for the transmission of the results to its neighbors, thus resulting in signi˛cant idle processor time. It would be ideal if a node was able to receive, compute and send data at the same time. Modern network interfaces (NICs) have DMA engines that enable them to work in parallel with the CPU. This means that some communication work can be overlapped with actual CPU cycles. In fact, even some part of the non-blocking communication needs the CPU, i.e. DMA initialization. Nevertheless, all subsequent data transferring actions can be ideally overlapped with useful computation.

However, what really imposes such ine‹cient processor utilization, is the data ‚ow between successive time steps. Speci˛cally, it seems that computations and respective communication substeps for each time step should be serialized to preserve the correct execution order. Every processor should ˛rst receive data, then compute and ˛nally send the results to be used at the next time step by its neighbor. A much more thorough look at the correct data ‚ow in the non-overlapping case, reveals the following interesting property: If we slightly modify the initial linear schedule, then we could overlap some communication time with computations. This means that, in each time step, the processor should send and receive data that is not directly dependent to the data computed at this step. A valid time execution policy would be for a processor to receive data from all neighbors to use them at k + 1 time step, send data produced at previous time step (k − 1) and compute its results (Figure 2.17). In this case, every processor computes a tile and, at the same time, sends data produced in the previous step and receives data needed in next one. In Figure 2.17 the overlapping execution policy is shown. A more detailed description of this schedule can be found in [GSK01], [STK02], [Sot04].

Figure 2.17: Overlapping Execution Policy.

Consider, for example, processor P_3 at k time step: while it computes a tile, it concurrently performs the following: sends the results produced during k − 1 time step and receives data from neighbors, to be used during the computation of the next tile at k + 1 time step. Note the arcs shown in this figure. They depict the actual flow of data between successive time steps (computes-sends-receives) in a pipelined way. The outcome of this schedule is to have successive computations overlapped with communication phases, thus 100% processor utilization.

If we implement the overlapping of computation and communication, then we will have the following scheme: A processor ˛rst initiates all the non-blocking send operations and then performs the actual atomic tile computations. While the processor performs computations, the NIC is receiving data from neighbors and sending previously computed data to others as well. When communication work is ˛nished, the processor receives an interrupt.

A possible implementation of this execution model can be summarized by the following pseudocode:

foracross (t_1=l^S_1 ; t_1 ≤ u^S_1 ; t_1 + +) ... foracross (t_{n−1}=l^S_{n−1}; t_{n−1} ≤ u^S_{n−1}; t_{n−1} + +) /*Sequential execution of tiles assigned to this CPU*/ for (t_n=l_n; t_n ≤ u_n; t_n + +){

Initialize DMA card Compute this tile Wait for send & receive to complete Synchronize with neighbors } According to the previous properties, the total execution time for the overlapping schedule, as deduced from Figure 2.17, is given by:

T_{overlap} = ℘(t_{start dma} + max(t_{comp}, t_{comm dma}) + t_{synchro}), (2.11)

where ℘ is the number of time steps of the parallel execution (makespan). The time needed to initiate the DMA engine is t_{start dma}, t_{comp} is the tile execution time, t_{comm dma} is the communication time which can be overlapped with computation and t_{synchro} is the required synchronization time between successive time steps. In correlation to the parameters used in equation (2.10), it holds that: t_{init dma} + t_{comm dma} + t_{synchro} = t_{comm}

Since the concept of overlapping of actions is crucial, it should be noted that the actions initiated by a non-blocking call are overlapped with the actions initiated by calls following the non-blocking call. On the contrary, a blocking call implies no overlapping of actions, since a following call can be initiated only after the blocking call has completed.

In order to achieve actual overlapping of computation and communication, hardware should assist. The CPU and the NIC must be able to work simultaneously on di¸erent tasks. The most important issue is support from DMA, which should exist and be enabled to the NIC. Another aspect is that the invocation of DMA communication should be done in user level (User-Level DMA), without kernel intervention. Furthermore, zero-copy communications should be used and ˛nally, the software packetization process involved in every communication must be avoided. All these prerequisites are discussed in the following section.

2.8 Hardware High Performance Features

Recent advances in high speed networks and improved microprocessor performance are making clusters of workstations an appealing vehicle for cost e¸ective parallel computing. The trend in parallel computing is to move away from custom-designed platforms of the established HPC industry to general purpose systems consisting of loosely coupled components built up from single or multi-processor workstations or PCs.

The de-facto 100Mbps networking of commodity clusters can be a bottleneck for many applications, when scaling beyond a small number of nodes. The last years, new networking technologies such as SCI [Hel99], Myrinet and Gigabit Ethernet o¸er increased bandwidth and low startup latencies, which however, are never e‹ciently utilized by user applications. Therefore, high-performance clusters are introduced, which provide the computationally intensive applications with increased performance using special communication primitives, such as Zero-Copy Protocols and DMA transfers.

2.8.1 Zero-Copy Protocols Network protocol stacks, such as TCP/IP, aggravate the communication procedure with the extra copying of data sent or received, to and from kernel space, respectively. As Figure 2.18 depicts, when sending data from an application (user space) bu¸er to the network, data must be initially copied from the application bu¸er to kernel bu¸ers. TCP, IP and network headers must be added and then, as a packet, transferred to NIC’s bu¸er for transmission. A respective procedure takes place when data reach the receiving node.

Figure 2.18: Single-Copy Protocol and packetization process

The previous sequence of actions is unavoidable when using legacy network technologies, but could be avoided when novel communication technologies are used. SCI achieves Zero-Copy Communication, since it supports a Distributed Shared Memory approach, which is implemented using kernel area memory mapped regions for communication. An SCI communication scenario involves the following stages: A process in an SCI node exports a memory segment, which is imported by a process that resides in another SCI node. Every imported memory segment is directly mapped to the PCI I/O space of the PCI-SCI NIC. It is part of the importer’s (process) virtual memory through the prior invocation of an SCIConnectSegment() driver call. When the importing node needs to send data, it just writes them directly to the imported memory segment (thus, no kernel copies). Data are transferred to the exporter’s memory and communication is performed, without any kernel intervention. No other data processing is needed within each send.

2.8.2 DMA transfers Message data can be usually transferred in two ways: Programmed I/O (PIO) mode and DMA mode. In PIO mode, CPU handles data transferring completely, word by word. For example, data transferring of 1Kwords involves the initial copying of these words from main memory to the NIC’s bu¸ers with the aid of CPU. From a parallel application’s point of view, these are considered \lost" CPU cycles, since useful calculations could have been executed instead. On the contrary, using DMA mode, CPU just programs the NIC’s DMA engine with the information of which data to transfer from main memory and where to send it. CPU is not used (or blocked from a program’s perspective) during the transfer and can perform other (useful) tasks.

The DSM feature of SCI allows the e‹cient use of its DMA capabilities. Using special SCI driver calls, the system returns physically contiguous allocated memory. This is performed using the get free pages() kernel routine. The allocated memory is ˛rst \pinned down" and then mapped to user’s virtual memory (Figure 2.19). User is able to read/write that memory region like the ordinary memory regions returned by LIBC malloc(). Despite the fact that DMA transfer is only invoked as a kernel system call, the complete transfer of the speci˛c memory area will be performed with only one DMA invocation. On the contrary, even if the NIC in Figure 2.18 was DMA enabled, a new DMA invocation should take place for each {data,TCP,IP,NET} packet, which would be time consuming.

Figure 2.19: Locked and memory mapped “RAM device” for SCI communications

40 Preliminary Concepts - Mathematical Background

3 Automatic parallel code generation for tiled nested loops

In this chapter, we briefly describe an approach for the problem of automatically generating parallel code for tiled nested loops. Our method is applied to general parallelepiped tiles and non-rectangular space boundaries as well. It consists of two steps:

1. generating sequential tiled code 2. parallelizing the sequential tiled code

In order to generate sequential code efficiently, the original problem is divided into the subproblems of enumerating the tiles and sweeping the points inside every tile. In order to parallelize the sequential tiled code, we address issues such as data distribution, iteration distribution and automatic message passing.

3.1 Introduction

The tiling transformation, as described in §2.6.2, has been used in literature in two di¸erent contexts:

• in order to ensure the locality of data references and reduce the overall execution time through an e‹cient utilization of cache memory levels [Jim99]

• in order to parallelize the execution of a nested loop code segment with dense dependences, as described in §2.2 and §2.6.2 of this thesis.

A lot of research has been conducted, concerning the selection of optimal tile size and shape, that reduce the communication cost [BDRR94], [Xue97a], or the time processors remain idle [HS02], [HCF99], [XC02]. However, the parallelizing compilers community has been pessimistic about using non-rectangular tiling transformations to execute nested loops in distributed memory machines. General parallelepiped tiling has not been used in either commercial or research compilers ([AMC97], [AL93], [CMZ92], [FHK^+91], [SLR^+95]). This is due to the fact that a signi˛cant overhead is imposed by non-rectangular tiling to both compile time and run time of the ˛nal parallel code. Apart from [ACN^+00], [XC02], that present some experimental results for 2-dimensional spaces, all previous research on non-rectangular tiling is purely theoretical. All complete frameworks for the automatic generation of parallel tiled code, such as the one presented in [TX00], can be applied only for rectangular tiling. In this chapter, as in [GAK03], we present a method for automatically producing non-rectangular tiled code without imposing a prohibitive overhead either at compile or at run time.

The parallelization of a nested loop code segment, as depicted in Figure 3.1, consists of the following three steps at minimum:

1. A dependence analysis is conducted [Ban88], [Pug92], so as to determine the optimal tiling transformation, which minimizes the communication overhead among processors [BDRR94], [Xue97a], or the time processors remain idle waiting for the data needed to arrive from neighboring processors [HS02], [HCF99], [XC02].

2. The initial code segment is converted to serial tiled code, according to the tiling transformation selected in the previous step, as described in [GAK02b], [GAK03]. This conversion is consisted of two substeps:

(a) Producing the bounds of the tile space from the bounds of the iteration space and (b) Producing the appropriate boundary expressions for traversing the internal of each tile, as well as determining the incremental steps of each loop index.

3. Parallelizing the serial tiled code, as described in [GDAK02a]. This step consists of

(a) the distribution of data and computations among processors and

(b) the automatic generation of the message passing primitives

Figure 3.1: Automatic parallel code generation for tiled iteration spaces. After selecting the optimal tiling transformation, the initial untiled code segment should be converted into serial tiled code. Then, the serial tiled code should be parallelized.

3.2 Generation of Serial Tiled Code

In this section, we elaborate on generating tiled code that will traverse an iteration space J^n transformed by a tiling transformation. We call this code sequential tiled code. By applying tiling to J^n, we obtain the tile space J^S, the tile iteration space T IS and the tile origin space T OS. In §2.6.2, it was shown that tiling transformation is a Z^n −→ Z^{2n} transformation, which means that a point ⃗j ∈ J^n is transformed into a tuple of n-dimensional factors (⃗j_a, ⃗j_b), where ⃗j_a identi˛es the tile that the original point belongs to (⃗j_a ∈ J^S) and ⃗j_b identi˛es the coordinates of the point relevant to the tile origin (⃗j_b ∈ T IS). The sequential tiled code reorders the execution of indices enforced by their lexicographic order, resulting in an execution order described by the following scheme:

FOR (EVERY tile IN tile space J^S) TRAVERSE THE POINTS IN ITS INTERIOR

According to the above, the sequential tiled code consists of a 2n-dimensional nested loop. The n outermost loops traverse the tile space J^S, using indices j^S_1 , j^S_2 , . . . , j^S_n , and the n innermost loops traverse the points within tile (j^S_1 , j^S_2 , . . . , j^S_n ), using indices j^′_1, j^′_2, . . . , j^′_n. We denote l^S_k , u^S_k the lower and upper bounds of index j^S_k , respectively. Similarly, we denote l^′_k, u^′_k the lower and upper bounds of index j^′_k. In all cases, lower bounds (l^S_k or l^′_k) are of the form: max(l_{k,0}, l_{k,1}, . . .) and upper bounds (u^S_k or u^′_k) of the form: min(u_{k,0}, u_{k,1}, . . .), where l_{k,j}, u_{k,j} are a‹ne functions of the outermost indices. The calculation of factors l^S_1 , . . . , l^S_n and u^S_1 , . . . , u^S_n corresponds to substep 2a of §3.1, while the calculation of factors l^′_1, . . . , l^′_n and u^′_1, . . . , u^′_n corresponds to substep 2b.

3.2.1 Enumerating the tiles

A conventional approach

Ancourt and Irigoin in [AI91] dealt with the subproblem of traversing the tile space, by constructing an appropriate set of inequalities. According to their approach, a tile ⃗j^S belongs to the tile space J^S ( ⃗j^S ∈ J^S), i¸ there is an iteration ⃗j, which ful˛lls both criteria:

1. It belongs to the iteration space J^n. That is, ⃗j ∈ J^n ⇔

B⃗j ≤ ⃗b

(recall formula (2.1)).

2. It belongs to tile ⃗j^S with origin iteration ⃗j_0 = H^{−1} ⃗j^S (recall formula (2.6)). Note that, according to the de˛nitions given in §2.6.2, a point ⃗j belongs to a tile with tile origin ⃗j_0, i¸ it satis˛es the set of inequalities: S(⃗j − ⃗j_0) ≤ ⃗s. Replacing in this set ⃗j_0 = H^{−1} ⃗j^S, it can be equivalently written as: � −gI gH gI −gH � � ⃗jS ⃗j � ≤ ⃗s

Combining the above systems, we obtain the ˛nal system of inequalities: � � � � 0 B −gI gH gI −gH

� � � � � ⃗jS ⃗j � ≤ � ⃗b ⃗s � (3.1)

Ancourt and Irigoin propose the application of Fourier-Motzkin elimination method to the above system in order to obtain proper formulas for the lower and upper bounds of the 2n-dimensional loop that will traverse the tiled space. Note that the n outermost loop boundaries produced are appropriate for traversing the tile space. The n innermost loop boundaries are appropriate for scanning the interior of tiles and can be presently ignored.

Example 3.1: Consider the following nested loop code segment:

for (j_1 = 0; j_1 ≤ 39)

for (j_2 = 0; j_2 ≤ 29){

A[j_1, j_2]=A[j_1 − 1, j_2 − 2]+A[j_1 − 3, j_2 − 1]; } The corresponding iteration space J^n is: J^n = {(j_1, j_2)|0 ≤ j_1 ≤ 39, 0 ≤ j_2 ≤ 29}. Let us apply a tiling transformation de˛ned by matrix

H = �_1 5 −^1_{10} −^1_{20}^3_{20} � or, equivalently, by P = � 6 4 2 8 �

which is legal [RS92] (since HD ≥ 0) and has both communication and scheduling-optimal shape ([BDRR94], [HS98], [HS02], [HCF97], [Xue97a]), for the speci˛c problem. Then, as shown in

Figure 3.2: Example 3.1: Representation of the spaces used.

(a) The initial iteration space is partitioned into identical parallelogram tiles, which are identified by a unique vector indicated inside each tile. The origin of each tile has been illustrated by a grey dot. Some of the origins may not belong to the initial iteration space J^n. (b) The tile iteration space includes all iterations of tile (0, 0), which starts at the axes origin. (c) The tile space J^S is derived from the iteration space by formula (2.4). All iterations of the the same tile in subfigure (a) are mapped to only one point in J^S of subfigure (c).

Figure 3.2b, T IS contains the points {(0, 0), (1, 1), (1, 2), (2, 1), (2, 2), (2, 3), (2, 4), . . . , (7, 5), (7, 6), (7, 7), (7, 8), (8, 7), (8, 8), (8, 9), (9, 9)}. In addition, as shown in Figure 3.2c, J^n is transformed by matrix H to the tile space J^S = {(−3, 3), (−3, 4), (−2, 1), (−2, 2), (−2, 3), (−2, 4), . . . , (6, −2), (6, −1), (6, 0), (7, −2), (7, −1)}. In the sequel, as shown by the grey dots in Figure 3.2a, the tile space J^S is transformed by matrix P to T OS = {(−6, 18), (−2, 26), (−8, 4), (−4, 12), (0, 20), (4, 28), . . . , (28, −4), (32, −4), (36, 12), (34, −2), (38, 6)}.

The set of inequalities describing the iteration space J^n is: � � � � �

1 0 0 1 −1 0 0 −1

� � � � � � j_1 j_2 � ≤

� � � � �

39 29 0 0

� � � � �

The system of inequalities S(⃗j − ⃗j_0) ≤ ⃗s (see formulas (2.8), (2.9)) describing a tile is (since g = 20): � � � � �

4 −2 −1 3 −4 2 1 −3

� � � � � � j_1 − j_{01} j_2 − j_{02} � ≤

� � � � �

19 19 0 0

� � � � �

Thus, according to formula (3.1), the ˛nal system proposed my Ancourt and Irigoin for the calculation of loop indices is: � � � � � � � � � � �

0 0 1 0 0 0 0 1 0 0 −1 0 0 0 0 −1 −20 0 4 −2 0 −20 −1 3 20 0 −4 2 0 20 1 −3

� � � � � � � � � � �

� ⃗jS ⃗j � ≤

� � � � � � � � � � �

39 29 0 0 19 19 0 0

� � � � � � � � � � �

This system of inequalities is not suitable for a nested loop code segment, since it contains no inequalities for the expressions of outer loop boundaries of j^S_1 and j^S_2 . An application of the Fourier-Motzkin elimination method (see §2.4) can convert it to the equivalent system of inequalities: � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

1 0 0 0 −1 0 0 0 1 4 0 0 0 1 0 0 3 2 0 0 −1 −4 0 0 −3 −2 0 0 0 −1 0 0 −5 0 1 0 0 20 1 0 −6 −4 1 0 0 0 1 0 0 −20 −1 0 5 0 −1 0 6 4 −1 0 0 0 −1 0 0 0 0 1 0 −20 −1 3 10 0 −2 1 0 0 0 −1 −10 0 2 −1 0 20 1 −3

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� ⃗jS ⃗j � ≤

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

7 3 14 4 19 4 4 2 19 87 9 39 19 0 0 0 29 19 0 0 9 0

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

(3.2)

Only the eight ˛rst rows of this system are useful for traversing the tile space J^S. We may cut them o¸ and go on with the system of inequalities: � � � � � � � � � � �

1 0 −1 0 1 4 0 1 3 2 −1 −4 −3 −2 0 −1

� � � � � � � � � � �

⃗jS ≤

� � � � � � � � � � �

7 3 14 4 19 4 4 2

� � � � � � � � � � �

An application of the ad-hoc simpli˛cation method [BW95] can detect and eliminate two redundant inequalities. Finally, the simpli˛ed system � � � � � � �

1 0 −1 0 1 4 3 2 −1 −4 −3 −2

� � � � � � � ⃗jS ≤

� � � � � � �

7 3 14 19 4 4

� � � � � � �

may be used for automatically producing the code, which scans the tile space:

for(j^S_1 =-3; j^S_1 ≤7; j^S_1 ++) for(j^S_2 =max(⌈^{−4−jS1}_4 ⌉, ⌈^{−4−3jS1}_2 ⌉); j^S_2 ≤min(⌊^{14−jS1}_4 ⌋,⌊^{19−3jS1}_2 ⌋); j^S_2 ++){ Execute tile (j^S_1 , j^S_2 ) }

Reducing the compile time overhead of tiling

In order to reduce the overhead imposed at compile time by tiling, we should primarily reduce the complexity of the Fourier-Motzkin elimination method used. Recall from §2.4 that it depends doubly exponentially on the number of loops involved. Thus, in order to decrease the compile time overhead, we should ˛rst of all examine whether we may reduce the number of loop indices involved in the set of inequalities (3.1).

The subproblem of traversing the tile space J^S has been considered by many authors as an example of applying the non-unimodular tiling transformation to the original iteration space. More speci˛cally, Ramanujam in [Ram92] and [Ram95] applied the non-unimodular tiling transformation to the set of inequalities B⃗j ≤ ⃗b describing the iteration space, as follows: B⃗j ≤ ⃗b ⇒ BH^{−1}H⃗j ≤ ⃗b ⇒

BP ⃗j^S ≤ ⃗b (3.3)

Here again, the application of Fourier-Motzkin elimination method to the derived system of inequalities is proposed, in order to obtain closed form formulas for tile bounds l^S_1 , . . . , l^S_n and u^S_1 , . . . , u^S_n.

Unfortunately, the previous approach fails to enumerate tiles exactly. This is because the system of inequalities in (3.3) is satis˛ed by points in the tile space J^S, whose tile origins belong to J^n. However, as stated in §2.6.2, there exist some points in T OS that do not belong to J^n.

Although these points do not satisfy the preceding systems of inequalities, they must be traversed as well. In Figure 3.2a, tiles in the lower boundaries, such as (-3,3), (-2,1), (4,-2) and others, are not scanned by this method, because their origins do not belong to the original iteration space J^n. Consequently, a modi˛cation is required, so that Fourier-Motzkin elimination method can scan all tiles correctly. As shown in Figure 3.5, what is needed is a proper reduction of the lower bounds and/or a proper increase of the upper bounds of our space, in order to include all tile origins. Lemma 3.1 determines how much we must expand space bounds, in order to include all points of T OS.

Lemma 3.1 If we apply tiling transformation P to an iteration space J^n, whose bounds are expressed by the system of inequalities B⃗j ≤ ⃗b, then for all tile origins ⃗j_0 ∈ T OS, it holds:

B ⃗j_0 ≤ ⃗b^′, (3.4)

where ⃗b^′ is determined by the expression:

b^′_i = b_i + g − 1 g n� r=1 (⃗β_i · ⃗p_r)^−, i = 1, . . . , n (3.5)

where ⃗β_i is the i-th row of matrix B, ⃗p_r is the r-th column of matrix P and (⃗β_i · ⃗p_r)^− = max(−⃗β_i · ⃗p_r, 0).

Proof: We suppose that point ⃗j ∈ J^n belongs to tile with origin ⃗j_0. Since P consists of n linearly independent vectors, ⃗j can be expressed as the sum of ⃗j_0 and a linear combination of the column-vectors of the tiling matrix P :

⃗j = ⃗j_0 + n� l=1 λ_l ⃗p_l (3.6)

In addition, as in formula (2.8), the following system of inequalities holds: 0 ≤ gH(⃗j − ⃗j_0) ≤ (g − 1). The i-th row of this inequality can be rewritten as follows: 0 ≤ ⃗h_i · (⃗j − ⃗j_0) ≤^{g−1}_g , where ⃗h_i is the i-th row-vector of matrix H = P^{−1}. Replacing in this expression by (3.6), we get: 0 ≤ ⃗h_i · n� l=1 λ_l ⃗p_l ≤ g − 1 g As P = H^{−1} it holds that ⃗h_i · ⃗p_i = 1 and ⃗h_i · ⃗p_l = 0 if i ≠ l. Consequently, the last formula can be rewritten as follows: 0 ≤ λ_i ≤ g − 1 g for all i = 1, . . . , n. If multiplied by ⃗β_k · ⃗p_i, this inequality gives:

1. If ⃗β_k · ⃗p_i ≥ 0: λ_i ⃗β_k · ⃗p_i ≥ 0

50 Automatic parallel code generation for tiled nested loops

2. If ⃗β_k · ⃗p_i < 0: λ_i ⃗β_k · ⃗p_i ≥^{g−1}_g ⃗β_k · ⃗p_i According to the definitions of the symbol ( ⃗β_k · ⃗p_i)^− = max(− ⃗β_k · ⃗p_i, 0), the previous inequalities can in every case be rewritten as follows: λ_i ⃗β_k · ⃗p_i ≥ −^{g−1}_g ( ⃗β_k · ⃗p_i)^− ⇒ −λ_i ⃗β_k · ⃗p_i ≤ g−1 g ( ⃗β_k · ⃗p_i)^−. If added for i = 1, . . . , n, this inequality gives:

− n� i=1 λ_i ⃗β_k · ⃗p_i ≤ g − 1 g n� i=1 ( ⃗β_k · ⃗p_i)^− (3.7)

For each ⃗j ∈ J^n the system of inequalities B⃗j = ⃗b holds. The k-th row of this system can be written as follows: ⃗β_k · ⃗j ≤ b_k. We can replace ⃗j in this inequality, using formula (3.6) as follows: ⃗β_k · (⃗j_0 +^n � i=1 λ_i ⃗p_i) ≤ b_k ⇒ ⃗β_k · ⃗j_0 ≤ b_k − ⃗β_k · (^n � i=1 λ_i ⃗p_i)

⇒ ⃗β_k · ⃗j_0 ≤ b_k − n� i=1 λ_i( ⃗β_k · ⃗p_i)

If we combine this inequality with (3.7), we conclude that ⃗β_k · ⃗j_0 ≤ b_k +^{g−1}_g^n � i=1 ( ⃗β_k · ⃗p_i)^−.

Thus, for each tile with origin ⃗j_0, which has at least one point in the initial iteration space, it holds that B ⃗j_0 ≤ ⃗b^′, where the vector ⃗b^′ is constructed so as its k-th element is given by the form: b^′_k = b_k +^{g−1}_g^n � i=1 ( ⃗β_k · ⃗p_i)^−. ⊣

If we work with the tile space J^S and take into account that ⃗j_0 = P ⃗j^S, we equivalently get the system of inequalities:

BP ⃗j^S ≤ ⃗b^′ (3.8)

If it is given that matrix B consists of only integer elements, ⃗b^′, can be determined by the expression:

b^′_i = b_i + ⌊ g − 1 g n� r=1 (⃗β_i · ⃗p_r)^−⌋, i = 1, . . . , n (3.9)

Geometrical interpretation: The term added to each element of ⃗b expresses a parallel shift of the corresponding bound of the initial space. In Figure 3.3, we present an example of our method. Each row ⃗β_i of matrix B expresses a vector vertical to the corresponding bound of the iteration space with its direction outwards. The equation of this boundary surface is ⃗β_i · ⃗x = b_i. A parallel shift of this surface by a vector ⃗x_0 is expressed by the equation ⃗β_i · (⃗x − ⃗x_0) = b_i ⇔ ⃗β_i ·⃗x = b_i + ⃗β_i · ⃗x_0. As shown in Figure 3.3, we shift a boundary surface by vector − ⃗p_r, i¸ the tile edge-vector ⃗p_r forms an angle greater than 90^o with vector ⃗β_i (as the angles between the vectors ⃗β_1 and ⃗p_1, ⃗β_1 and ⃗p_2, ⃗β_3 and ⃗p_1, ⃗β_3 and ⃗p_2, ⃗β_4 and ⃗p_1 of Figure 3.3), or, equivalently, i¸ ⃗p_r · ⃗β_i < 0.

Figure 3.3: Expanding iteration space bounds to include all tile origins. The dark grey area corresponds to the initial iteration space area. The light grey area indicates the expansion of the iteration space, in order to include all tile origins. It is shown that an iteration space boundary is shifted, iff there is an inverse tiling vector ⃗p_r, which traverses this boundary outside → inside.

This fact can be expressed as follows: if the dot product of ⃗p_r (one of the columns of the matrix P ) and ⃗β_i (a row of B) is negative, then this dot product is subtracted from the constant b_i. Equivalently, in formula (3.5) the term (⃗β_i · ⃗p_r)^− is added to the constant b_i for all vectors ⃗p_r. The multiplying factor^{g−1}_g expresses the fact that a tile is a semiopen hyperparallelepiped and thus we need not contain in the tile space the tiles which just touch the initial iteration space.

Note, however, it was proven that the expanded space includes all origins of tiles in J^S. It was not proven that it contains only origins of tiles in J^S. In other words, this expansion of bounds may include some redundant tiles, whose origins belong to the extended space, but their internal points remain outside the original iteration space. These tiles will be accessed, but their internal points will not be swept, as it will be shown next, thus imposing little computation

Figure 3.4: Expanding iteration space bounds to include all tile origins. The grey dots correspond to iteration inside J^n, while the white dots correspond to iterations outside J^n. This figure indicates that the expansion of the iteration space should be less than the dot product of vectors ⃗β_i and ⃗p_r, so as not to include tiled that just touch the initial iteration space boundaries, with no integer points inside J^n. The dashed grey lines corresponds to the expansion of bounds, according to the dot product of vectors ⃗β_i and ⃗p_r. The solid grey lines correspond to the final expansion, so as not to include a lot of redundant tiles.

overhead in the execution of the sequential tiled code.

Example 3.2: We will now enumerate the tiles generated by the tiling transformation described in Example 3.1, using the method described just above. Following our approach, we should construct the system of inequalities in (3.8) making use of the expression in (3.9). Expression (3.9) in our case gives ⃗b^′ = � 39 29 9 9

�_T and thus, the system in (3.8) becomes: � � � � �

6 4 2 8 −6 −4 −2 −8

� � � � � � j^S_1 j^S_2 � ≤

� � � � �

39 29 9 9

� � � � �

The expansion of bounds for this example is shown in Figure 3.5. An application of the Fourier-

Motzkin elimination method can convert this system to its equivalent: � � � � � � � �

1 0 −1 0 3 2 1 4 −3 −2 −1 −4

� � � � � � � �

� j^S_1 j^S_2 � ≤

� � � � � � � �

8 4 19 14 4 4

� � � � � � � �

Note that the implementation used for the Fourier-Motzkin elimination method can take into account that index variables can only be integer, and further simplify the ˛nal expressions, applying the ‚oor or ceiling functions where appropriate. Consequently, a loop that enumerates the tiles in our case has the form:

for (j^S_1 = −4; j^S_1 ≤ 8; j^S_1 ++) for (j^S_2 =max(⌈^{−4−3jS1}_2 ⌉, ⌈^{−4−jS1}_4 ⌉); j^S_2 ≤min(⌊^{19−3jS1}_2 ⌋, ⌊^{14−jS1}_4 ⌋); j^S_2 ++) { Execute tile (j^S_1 , j^S_2 ) } Note that tiles (8, −3) and (−4, 4) are redundant (Figure 3.5).

3.2.2 Scanning the points within a tile

A conventional approach

In order to traverse the internal points of every tile, one can use the n innermost loop indices of the system of inequalities produced when applying the Fourier-Motzkin elimination method to the system (3.1). However, it is more e‹cient to separately apply the Fourier-Motzkin elimination method to the systems:

1.

B⃗j ≤ ⃗b (3.10)

Recall from formula (2.1) that this systems indicates that iteration ⃗j belongs to the iteration space.

Figure 3.5: Example 3.2: Expanding iteration space bounds to include all tile origins. The dark grey area corresponds to the iteration space area. The light grey area indicates the expansion of the iteration space, in order to include all tile origins, according to formulas (3.4), (3.5). Unfortunately, the expanded area contains also two tile origins, which do not correspond to a tile in J^S . Fortunately, they may be located only in near the edges of the expanded iteration space. Thus, their number is negligible in comparison to the number of tiles of J^S .

2. � gH −gH � � ⃗j − ⃗j_0 � ≤ � (g − 1)⃗1 ⃗0 � (3.11)

Recall from formulas (2.8), (2.9) that this system indicates that iteration ⃗j belongs to tile with origin iteration ⃗j_0 = H^{−1} ⃗j^S.

This modi˛cation is used in our implementation for automatically producing tiled code. As deduced during our experimentation, it results to reducing both compile and run time of the ˛nal code.

Compile time is reduced because there is no more need for applying the ad-Hoc and exact simpli˛cation methods to the whole system produced by (3.1), but only to its subsystem corresponding to the n outer loop indices.

Run time is reduced because the combination of inequalities produced by (3.10) and (3.11) are less than inequalities produced by (3.1). This is partly due to the fact that the exact simpli˛cation method may not be able to detect the redundancy of an inequality in Z^n if it is not redundant in R^n. On the other hand, inequalities originating from di¸erent systems (3.10) and (3.11) are rarely redundant in respect to each other. Thus, it is almost improbable to have an extra inequality in the ˛nal system due to not applying the simpli˛cation methods to the combination of systems (3.10), (3.11).

In addition, when this modi˛cation is used, it is possible to check even less inequalities for tiles that are not located near a boundary of the iteration space, at run time. If a tile crosses the iteration space boundaries, then all inequalities produced by (3.10), (3.11) should be checked during the scan of the interior of the tile. Otherwise, if a tile does not cross any iteration boundary, only inequalities derived from (3.11) may be checked at run time. This simpli˛cation presupposes the use of a method for distinguishing tiles into internal and boundary. As internal we may characterize a tile with all its vertices in J^n.

Lemma 3.2 If all 2^n vertices of a tile (⃗c = ⃗j_0 +^n � i=1 x_i^{g−1}_g ⃗p_i for x_i ∈ {0, 1}, i = 1, . . . , n) belong

to the convex iteration space J^n, then all iterations of this tile belong to J^n.

Proof: According to Lemma C.1, in order to prove this lemma, we may only prove that every iteration inside a tile ⃗j^S may be calculated by an expression of the form (C.1).

In the proof of Lemma 3.1, we have written that every iteration ⃗j can be expressed as the sum of its tile origin ⃗j_0 and a linear combination of the column-vectors of the inverse tiling matrix P :

⃗j = ⃗j_0 + n� i=1 λ_i ⃗p_i (3.12)

where 0 ≤ λ_i ≤^{g−1}_g for all i = 1, . . . , n. Equation (3.12) can be equivalently rewritten as follows

⃗j = � ∀x_i ∈ {0, 1} i = 1..n

�_n � i=1 � 1 − λ_ig g − 1 � (1 − x_i) + λ_ig g − 1 x_i � � ⃗j_0 + n� i=1 x_i g − 1 g ⃗p_i � (3.13)

since

1. The total multiplying factor of ⃗j_0 equals to 1. � ∀x_i ∈ {0, 1} i = 1..n n� i=1 � 1 −^{λig}_{g−1} � (1 − x_i) +^{λig}_{g−1} x_i � =

� ∀x_i ∈ {0, 1} i = 1..n − 1 x_n = 0 n� i=1 � 1 −^{λig}_{g−1} � (1 − x_i) +^{λig}_{g−1} x_i � +

56 Automatic parallel code generation for tiled nested loops

� ∀x_i ∈ {0, 1} i = 1..n − 1 x_n = 1 n� i=1 � 1 −^{λig}_{g−1} � (1 − x_i) +^{λig}_{g−1} x_i � =

� ∀x_i ∈ {0, 1} i = 1..n − 1 n−1� i=1 � 1 −^{λig}_{g−1} � (1 − x_i) +^{λig}_{g−1} x_i � � 1 −^{λng}_{g−1} � +

� ∀x_i ∈ {0, 1} i = 1..n − 1 n−1� i=1 � 1 −^{λig}_{g−1} � (1 − x_i) +^{λig}_{g−1} x_i

�_{λng} g−1 =

� ∀x_i ∈ {0, 1} i = 1..n − 1 n−1� i=1 � 1 −^{λig}_{g−1} � (1 − x_i) +^{λig}_{g−1} x_i �

Eliminating this way the rest of the variable x_i, i = 1, . . . , n − 1, we conclude that � ∀x_i ∈ {0, 1} i = 1..n n� i=1 � 1 − λ_ig g − 1 � (1 − x_i) + λ_ig g − 1 x_i � = 1 (3.14)

2. The total multiplying factor of ⃗p_l, (l = 1, . . . , n) equals to λ_l. � ∀x_i ∈ {0, 1} i = 1..n n� i=1 � 1 −^{λig}_{g−1} � (1 − x_i) +^{λig}_{g−1} x_i � x_l^{g−1}_g =

� ∀x_i ∈ {0, 1} i = 1..n, i ≠ l x_l = 0 n� i=1 � 1 −^{λig}_{g−1} � (1 − x_i) +^{λig}_{g−1} x_i � x_l^{g−1}_g +

� ∀x_i ∈ {0, 1} i = 1..n, i ≠ l x_l = 1 n� i=1 � 1 −^{λig}_{g−1} � (1 − x_i) +^{λig}_{g−1} x_i � x_l^{g−1}_g =

0 + � ∀x_i ∈ {0, 1} i = 1..n, i ≠ l � i=1..n,i≠l � 1 −^{λig}_{g−1} � (1 − x_i) +^{λig}_{g−1} x_i

�_{λlg} g−1 g−1 g (3.14)

= λ_l

From (3.13), (3.14), we conclude that iteration ⃗j can be expressed in respect to vertices ⃗c by a formula of the type (C.1). Thus, if all vertices ⃗c belong to J^n, then iteration ⃗j of this tile also belongs to J^n ⊣

Example 3.3: In order to scan the tiles enumerated by the code produced in Example 3.1, we may use the 14 remaining inequalities of the system (3.2). Otherwise, we may use a combination of systems � � � � �

1 0 0 1 −1 0 0 −1

� � � � � � j_1 j_2 � ≤

� � � � �

39 29 0 0

� � � � �

corresponding to formula (3.10) and � � � � �

4 −2 −1 3 −4 2 1 −3

� � � � � � j_1 − j_{01} j_2 − j_{02} � ≤

� � � � �

19 19 0 0

� � � � �

corresponding to formula (3.11). The former system of inequalities has already the required form and need not be converted through a Fourier-Motzkin elimination. An application of the Fourier-Motzkin elimination method to the latter system of inequalities results to the equivalent system: � � � � � � �

1 0 −1 0 −1 3 −2 1 2 −1 1 −3

� � � � � � �

� j_1 − j_{01} j_2 − j_{02} � ≤

� � � � � � �

9 0 19 0 9 0

� � � � � � �

Note that this way only 4 + 6 = 10 inequalities should be checked for each iteration, instead of 14, as deduced from formula (3.1) in Example 3.1. In sequel, one can ˛ll in the missing part of the code produced in Example 3.1, according to the systems of inequalities described just above.

for(j^S_1 =-3; j^S_1 ≤7; j^S_1 ++) for(j^S_2 =max(⌈^{−4−jS1}_4 ⌉, ⌈^{−4−3jS1}_2 ⌉); j^S_2 ≤min(⌊^{14−jS1}_4 ⌋,⌊^{19−3jS1}_2 ⌋); j^S_2 ++){ /* Execute tile (j^S_1 , j^S_2 ) */ j_{01}=6j^S_1 +4j^S_2 ; /* Calculate ⃗j_0 = P ⃗j^S */ j_{02}=2j^S_1 +8j^S_2 ;

for(j_1=max(0, j_{01}); j_1 ≤min(39, j_{01}+9); j_1++) for(j_2=max(0, j_{02}-9+2(j_1 − j_{01}), j_{02}+⌈^{j1−j01}_3 ⌉);

j_2 ≤min(29, j_{02}+⌊^{19+(j1−j01)}_3 ⌋, j_{02}+2(j_1 − j_{01})); j_2++){ /* Execute iteration (j_1, j_2) */ A[j_1, j_2]=A[j_1 − 1, j_2 − 2]+A[j_1 − 3, j_2 − 1]; } }

A reduction of the run time can be achieved by distinguishing the tiles into internal and boundary, according to Lemma 3.2. Such a discrimination implies a check whether all vertices of the tile belong to J^n. This check is necessary to be conducted once for all 2^n vertices of each tile, while without this discrimination, the iteration space boundaries are checked once for each iteration. Thus, the above code segment can be rewritten as follows;

for(j^S_1 =-3; j^S_1 ≤7; j^S_1 ++) for(j^S_2 =max(⌈^{−4−jS1}_4 ⌉, ⌈^{−4−3jS1}_2 ⌉); j^S_2 ≤min(⌊^{14−jS1}_4 ⌋,⌊^{19−3jS1}_2 ⌋); j^S_2 ++){ /* Execute tile (j^S_1 , j^S_2 ) */ j_{01}=6j^S_1 +4j^S_2 ; /* Calculate ⃗j_0 = P ⃗j^S */ j_{02}=2j^S_1 +8j^S_2 ;

/* Check whether tile (j^S_1 , j^S_2 ) crosses the iteration space */ /* boundaries */ check=TILE IN;

for(x_1=0; x_1 ≤1; x_1++)

for(x_2=0; x_2 ≤1; x_2++){

/* Calculate vertex ⃗c = ⃗j_0 +^n � i=1 x_i ⃗p_i for all x_i ∈ {0, 1} */

c_1=j_{01}+6x_1+4x_2; c_2=j_{02}+2x_1+8x_2;

/* Check whether ⃗c ∈ J^n */ if(c_1¡0 —— c_1¿39 —— c_2¡0 —— c_2¿29){

check=TILE CROSS; break; } if(check==TILE CROSS) break; } if(check==TILE CROSS) {

/* Execute tile (j^S_1 , j^S_2 ) in case it may cross */ /* the iteration space boundaries */ for(j_1=max(0, j_{01}); j_1 ≤min(39, j_{01}+9); j_1++) for(j_2=max(0, j_{02}-9+2(j_1 − j_{01}), j_{02}+⌈^{j1−j01}_3 ⌉);

j_2 ≤min(29, j_{02}+⌊^{19+(j1−j01)}_3 ⌋, j_{02}+2(j_1 − j_{01})); j_2++){ /* Execute iteration (j_1, j_2) */ A[j_1, j_2]=A[j_1 − 1, j_2 − 2]+A[j_1 − 3, j_2 − 1]; } } else {

/* Execute tile (j^S_1 , j^S_2 ) in case it does not cross */ /* the iteration space boundaries */ for(j_1=j_{01}; j_1 ≤ j_{01}+9; j_1++)

for(j_2=max(j_{02}-9+2(j_1 − j_{01}), j_{02}+⌈^{j1−j01}_3 ⌉);

j_2 ≤min(j_{02}+⌊^{19+(j1−j01)}_3 ⌋, j_{02}+2(j_1 − j_{01})); j_2++){ /* Execute iteration (j_1, j_2) */ A[j_1, j_2]=A[j_1 − 1, j_2 − 2]+A[j_1 − 3, j_2 − 1]; } } }

Note that the generation of the above code segment is completely automated, when the initial iteration space and the tiling transformation are given. In addition, the loop bounds generated in this example for the n innermost loop indices can be also combined with the loop bounds generated for the n outermost loop indices in Example 3.2.

Reducing the run time overhead of tiling

In order to achieve a reduced run time complexity of the code generated automatically, as seen in Example 3.3, one should reduce the complexity of the loop bounds, which are checked for all tiles. That is, one should reduce the complexity of inequalities generated from formula (3.11). It is achieved by applying a linear transformation to the initial iteration space, so as to transform non-rectangular tiles into rectangular ones.

Figure 3.6: Scanning the iterations of a tile.

(a) Iterations of a tile are executed according to their lexicographic order, parallely to the axes. (b) Iterations are scanned in such an order that traces to be parallel to the tile edges.

The method is based on the use of a non-unimodular transformation. The ˛nal goal is to traverse the T IS and then slide the points of T IS properly, so as to scan all points of J^n. In order to achieve this, the T IS is transformed to a rectangular space, called the transformed tile iteration space (T T IS). The T T IS is traversed with an n-dimensional nested loop and then the indices of the loop are transformed, so as to return to the proper points of the T IS.

In other words, there is needed a transformation pair (P^′, H^′): T T IS^{P ′}−→ T IS and T IS^{H′}−→ T T IS (Fig. 3.7). Intuitively, P^′ should be parallel to the tile sides, that is, the column vectors of P^′ should be parallel to the column vectors of P . This is equivalent to the row vectors

60 Automatic parallel code generation for tiled nested loops

of H^′ being parallel to the row vectors of H. In addition to this, we demand the lattice of H^′ to be an integer space for integer loop indices to be able to traverse it. Formally, an ndimensional transformation H^′ : H^′ = V H must be found, where V is an n × n diagonal matrix and L(H^′) ⊆ Z^n. The following lemma proves that the second requirement is satis˛ed if and only if H^′ is integral.

Figure 3.7: Traverse the T IS with a non-unimodular transformation. In order to traverse the tile iteration space parallely to the tile edges, as indicated in Figure 3.6(b), the non-rectangular tile iteration space should be transformed into a rectangular one, using a nonunimodular transformation matrix H^′. Since H^′ is not unimodular, the transformed space may include integer points with no integer coefficient in the initial space. They are depicted by white dots.

Lemma 3.3 ⃗j^′ = A⃗j ∈ Z^n ∀⃗j ∈ Z^n iff A is integral.

Proof: If A is integral, it is clear that ⃗j^′ ∈ Z^n∀⃗j ∈ Z^n.

Suppose that ⃗j^′ ∈ Z^n∀⃗j ∈ Z^n. We shall prove that A is integral: It holds ⃗j^′ ∈ Z^n for ⃗j = û_k, where û_k is the k-th unitary vector,

û_k = (u_{k1}, . . . , u_{kn}), u_{kk} = 1, u_{ki} = 0, i ≠ k

Thus,

⃗j′ = Aû_k =

�_n � i=1 a_{1i}u_{ki}, n� i=1 a_{2i}u_{ki}, . . . , n� i=1 a_{ni}u_{ki}

�_T = [a_{1k}, a_{2k}, . . . , a_{nk}]^T ∈ Z^n

This holds for all û_k, k = 1 . . . n, therefore all elements of A are integer numbers. ⊣

Let us construct V in the following way: Every diagonal element v_{kk} is the smallest integer such that v_{kk} ⃗h_k is integral, where ⃗h_k is the k-th row of matrix H. Thus, both requirements for H^′ are satis˛ed. It is obvious that H^′ is a non-unimodular transformation. This means that the transformed tile iteration space contains holes. In Figure 3.7, the holes in the T T IS are depicted with white dots, while the actual points are depicted with black ones. So, in order to traverse the T IS, we have to scan all actual points of the T T IS and then transform them back using matrix P^′. We can apply any of the methods presented in [Ram92], [Ram95], [Xue94], [Li93], [FLV95] to traverse the T T IS. However, we will avoid the application of Fourier-Motzkin elimination method by taking advantage of the tile shape regularity.

We use an n-dimensional nested loop with iterations indexed by ⃗j^′ = (j^′_1, j^′_2, . . . , j^′_n), in order to traverse the actual points of the T T IS. Replacing ⃗j = P^′⃗j^′ in formula (2.7), the boundaries of TTIS are given by the system of inequalities: 0 ≤ HP^′⃗j^′ < 1 ⇔ 0 ≤ V^{−1}⃗j^′ < 1 ⇔

0 ≤ j^′_k ≤ v_{kk} − 1, for all k = 1, . . . , n (3.15)

The bounds of the indices j^′_k are determined by formulas (3.15), without applying the Fourier- Motzkin elimination method to the system of inequalities (3.11).

However, the increment step c_k of an index j^′_k is not necessarily 1. In addition to this, if index j^′_k is incremented by c_k, indices j^′_{k+1}, . . . , j^′_n should not be initialized at 0. Suppose that for a certain index vector ⃗j^′, it holds P^′⃗j^′ ∈ Z^n. The ˛rst question is how much to increment the innermost index j^′_n so that the next swept point is also integral. Formally, we search the minimum c_n ∈ Z such that P^′ � j^′_1 j^′_2 . . . j^′_n + c_n

�_T ∈ Z^n. After determining c_n, the next step is to calculate the increment step of index j^′_{n−1} so that the next swept point is also integral. In this case, it is possible that index j^′_n should also be incremented by an o¸set a_{n(n−1)} : 0 ≤ a_{n(n−1)} < c_n. In the general case of index j^′_k we need to determine c_k, a_{(k+1)k}, . . . , a_{nk} such that: P^′ � j^′_1 . . . j^′_k + c_k j^′_{k+1} + a_{(k+1)k} . . . j^′_n + a_{nk}

�_T ∈ Z^n. Every index j^′_k has k − 1 di¸erent incremental o¸sets a_{ki}, depending on each of the increment steps c_i of the k − 1 outer indices j^′_i. These o¸sets are a_{k1}, . . . , a_{k(k−1)}. The following lemma proves that increment steps c_k and o¸sets a_{kl}, (k = 1 . . . n and l = 1 . . . k − 1), are directly obtained from the hermite normal form of matrix H^′, denoted ~H^′.

Lemma 3.4 If ~H^′ is the column HNF of H^′ and ⃗j^′ = (j^′_1, j^′_2, . . . , j^′_n) is the index vector used to traverse the actual points of L(H^′), then the increment step (stride) for index j^′_k is c_k = ~h^′_{kk} and the incremental offsets are a_{kl} = ~h^′_{kl}, (k = 1 . . . n and l = 1 . . . k − 1).

Proof: It holds L(H^′) = L(~H^′). Thus, ⃗0 ∈ L(H^′) and the columns of ~H^′ belong to L(H^′). Suppose ⃗x ∈ Z^n/{⃗0} with the following properties: x_i = 0 for i < k and 0 ≤ x_i ≤ ~h^′_{ik} for k ≤ i ≤ n. It suffices to prove that ⃗x = ⃗h_k.

Suppose that ⃗x ∈ L(H^′), which means that ∃⃗j ∈ Z^n : ~H^′⃗j = ⃗x. ~H^′ is a lower triangular non-negative matrix and thus it holds: x_1 = ~h^′_{11}j_1 = 0 ⇒ j_1 = 0. Similarly, j_i = 0 for i < k. In the sequel, it holds: x_k = ~h^′_{kk}j_k. According to the above, it holds: 0 ≤ x_k = ~h^′_{kk}j_k ≤ ~h′_{kk} ⇒ 0 ≤ j_k ≤ 1. In addition, 0 ≤ x_{k+1} = ~h′_{(k+1)k}j_k + ~h′_{(k+1)(k+1)}j_{k+1} ≤ ~h′_{(k+1)k}. Since ~h′_{(k+1)(k+1)} > ~h′_{(k+1)k} ⇒ j_{k+1} = 0. Similarly, j_i = 0 for i > k + 1. Consequently, since ⃗x ≠ ⃗0, ⃗x is the k − th column of ~H^′. ⊣

Figure 3.8: Steps and initial offsets in T T IS derived from matrix ~H^′

According to the above analysis, the point that will be traversed using the next instantiation of indices is calculated from the current instantiation, since steps and incremental o¸sets are added to the current indices. Special care is taken so that every time the index vector ⃗j^′ = (j^′_1, . . . , j^′_n) is to be modi˛ed, the new index vector ⃗j^′ is calculated as a sum of current ⃗j^′ and a multiple of a column-vector of ~H^′. Thus, assuming that the current instantiation ⃗j^′ ∈ L(H^′), we ensure that the next point to be traversed remains in L(H^′).

Theorem 3.1 The following n-dimensional nested loop traverses all points ⃗j^′ ∈ T T IS

for(j^′_1=0, . . . , j^′_n=0; j^′_1 ≤ v_{11}-1; j^′_1+= ~h^′_{11}, . . . , j^′_n+= ~h^′_{n1})

for(j^′_n+ = ⌈^{−j′2}_{~h′22} ⌉ ∗ ~h^′_{n2}, . . . , j^′_2+ = ⌈^{−j′2}_{~h′22} ⌉ ∗ ~h^′_{22}; j^′_2 ≤ v_{22} − 1; j^′_2+ = ~h^′_{22}, . . . , j^′_n+ = ~h^′_{n2}) . . .

for(j^′_n+ = ⌈^{−j′n}_{~h′nn} ⌉ ∗ ~h^′_{nn}; j^′_n ≤ v_{nn} − 1; j^′_n+ = ~h^′_{nn}){

Loop body } We now need to adjust the above loop, which sweeps all points in T T IS, in order to traverse the internal points of any tile in J^S. If ⃗j^′ ∈ T T IS is the point that is derived from the indices of the former loop and ⃗j^S ∈ J^S is the tile, whose internal points ⃗j ∈ J^n we want to traverse, it will hold: ⃗j = ⃗j_0 + P^′⃗j^′ = P ⃗j^S + P^′⃗j^′, where ⃗j_0 = P ⃗j^S ∈ T OS is the tile origin, and P^′⃗j^′ ∈ T IS is the corresponding to ⃗j^′ point in T IS. Since P = V P^′, the last equality can be equivalently rewritten as follows:

⃗j = P^′(V ⃗jS + ⃗j′) (3.16)

Special attention also needs to be paid so that the points traversed do not overcome the original space boundaries. As we have mentioned before, a point ⃗j ∈ J^n satis˛es the following set of inequalities: B⃗j ≤ ⃗b. Replacing ⃗j by the above equation (3.16), we have:

BP^′(V ⃗j^S + ⃗j^′) ≤ ⃗b (3.17)

By applying the Fourier-Motzkin elimination method to this set of inequalities, we obtain proper expressions for ⃗j^′, so that we do not cross the original space boundaries. As deduced for systems (3.10), (3.11), system (3.17) should be used in combination with inequalities (3.15).

Example 3.4: Let us consider the same algorithm as in the previous examples. We will now sweep the internal points of tiles with the use of the method described just above. We need the following matrices: H^′ = � 2 −1 −1 3 � and V = � 10 0 0 20 � . Accordingly, P^′ =

�_3 5 1 5 1 5 2 5 � . The

Hermite Normal Form of matrix H^′ is ~H^′ = � 1 0 2 5 � = � 2 −1 −1 3 � � 1 1 1 2 � and thus, as

shown in Figure 3.8, c_1 = ~h^′_{11} = 1, c_2 = ~h^′_{22} = 5, a_{21} = ~h^′_{21} = 2. Consequently, the code that traverses the indices inside every internal tile, according to Theorem 3.1, is:

/* Calculate ⃗j^′_0 = V ⃗j^S */ j^′_{01}=10j^S_1 ; j^′_{02}=20j^S_2 ;

for (j^′_1 = 0, j^′_2 = 0; j^′_1 ≤ 9; j^′_1+ = 1, j^′_2+ = 2) for (j^′_2+ = ⌈^{−j′2}_5 ⌉ ∗ 5; j^′_2 ≤ 19; j^′_2+ = 5) { /* Calculate ⃗j = P^′(V ⃗j^S + ⃗j^′) */ j_1=^3_5 (j^′_{01} + j^′_1)+^1_5 (j^′_{02} + j^′_2); j_2=^1_5 (j^′_{01} + j^′_1)+^2_5 (j^′_{02} + j^′_2); /* Execute iteration (j_1, j_2) */ A[j_1, j_2]=A[j_1 − 1, j_2 − 2]+A[j_1 − 3, j_2 − 1]; } In order to exactly scan the internal of boundary tiles, we construct matrix

[BP^′|⃗b] =

� � � � �

3 5 1 5 39 1 5 2 5 29 −^3_5 −^1_5 0 −^1_5 −^2_5 0

� � � � �

The application of Fourier-Motzkin elimination method on this matrix gives: � � � � � � � �

1 0 78 −1 0 29 3 1 195 1 2 145 −3 −1 0 −1 −2 0

� � � � � � � �

Consequently, the code that traverses the indices inside tiles, which cut the iteration space bounds, is:

/* Calculate ⃗j^′_0 = V ⃗j^S */ j^′_{01}=10j^S_1 ; j^′_{02}=20j^S_2 ;

l^′_1 =max(0, −29 − j^′_{01});

u^′_1 =min(9 /* v_{11}-1 */, 78 − j^′_{01});

for (j^′_1 = l^′_1, j^′_2 = l^′_1 ∗ 2; j^′_1 ≤ u^′_1; j^′_1+ = 1, j^′_2+ = 2) {

l^′_2 =max(0, −3(j^′_{01} + j^′_1) − j^′_{02}, ⌈^{−(j′01+j′1)}_2 ⌉ − j^′_{02});

u^′_2 =min(19 /* v_{22}-1 */, 195 − 3(j^′_{01} + j^′_1) − j^′_{02}, ⌊^{145−(j′01+j′1)}_2 ⌋ − j^′_{02}); for (j^′_2+ = ⌈^{l′2−j′2}_5 ⌉ ∗ 5; j^′_2 ≤^′ b_2; j^′_2+ = 5) {

/* Calculate ⃗j = P^′(V ⃗j^S + ⃗j^′) */ j_1=^3_5 (j^′_{01} + j^′_1)+^1_5 (j^′_{02} + j^′_2); j_1=^1_5 (j^′_{01} + j^′_1)+^2_5 (j^′_{02} + j^′_2); /* Execute iteration (j_1, j_2) */ A[j_1, j_2]=A[j_1 − 1, j_2 − 2]+A[j_1 − 3, j_2 − 1]; } } Using the tile space boundaries calculated in Example 3.2, and combining the code segments produced just above for internal tiles and for tiles crossing the iteration space boundaries, we get the ˛nal code segment:

for (j^S_1 = −4; j^S_1 ≤ 8; j^S_1 ++) for (j^S_2 =max(⌈^{−4−3jS1}_2 ⌉, ⌈^{−4−jS1}_4 ⌉); j^S_2 ≤min(⌊^{19−3jS1}_2 ⌋, ⌊^{14−jS1}_4 ⌋); j^S_2 ++) { /* Execute tile (j^S_1 , j^S_2 ) */ /* Calculate ⃗j^′_0 = V ⃗j^S */ j^′_{01}=10j^S_1 ; /* This line could be placed outside loop j^S_2 */ j^′_{02}=20j^S_2 ;

/* Check whether tile (j^S_1 , j^S_2 ) crosses the iteration space */ /* boundaries */ check=TILE IN;

for(x_1=0; x_1 ≤1; x_1++){

c_1=j^′_{01}+9x_1;

if(c_1¡-29 —— c_1¿78) { check=TILE CROSS; break; } for(x_2=0; x_2 ≤1; x_2++){

c_2=j^′_{02}+19x_2;

/* Check whether ⃗c ∈ J^n */ if(c_2¡max(-3c_1, ⌈^{−c1}_2 ⌉) —— c_2¿min(195-3c_1, ⌊^{145−c1}_2 ⌋)){ check=TILE CROSS; break; } if(check==TILE CROSS) break; } }

if(check==TILE CROSS) { /* Execute tile (j^S_1 , j^S_2 ) in case it may cross */ /* the iteration space boundaries */ l^′_1 =max(0, −29 − j^′_{01});

u^′_1 =min(9 /* v_{11}-1 */, 78 − j^′_{01});

for (j^′_1 = l^′_1, j^′_2 = l^′_1 ∗ 2; j^′_1 ≤ u^′_1; j^′_1+ = 1, j^′_2+ = 2) { l^′_2 =max(0, −3(j^′_{01} + j^′_1) − j^′_{02}, ⌈^{−(j′01+j′1)}_2 ⌉ − j^′_{02});

u^′_2 =min(19 /* v_{22}-1 */, 195 − 3(j^′_{01} + j^′_1) − j^′_{02}, ⌊^{145−(j′01+j′1)}_2 ⌋ − j^′_{02}); for (j^′_2+ = ⌈^{l′2−j′2}_5 ⌉ ∗ 5; j^′_2 ≤^′ b_2; j^′_2+ = 5) {

/* Calculate ⃗j = P^′(V ⃗j^S + ⃗j^′) */ j_1=^3_5 (j^′_{01} + j^′_1)+^1_5 (j^′_{02} + j^′_2); j_1=^1_5 (j^′_{01} + j^′_1)+^2_5 (j^′_{02} + j^′_2); /* Execute iteration (j_1, j_2) */ A[j_1, j_2]=A[j_1 − 1, j_2 − 2]+A[j_1 − 3, j_2 − 1]; } } }

else {

for (j^′_1 = 0, j^′_2 = 0; j^′_1 ≤ 9; j^′_1+ = 1, j^′_2+ = 2) for (j^′_2+ = ⌈^{−j′2}_5 ⌉ ∗ 5; j^′_2 ≤ 19; j^′_2+ = 5) {

/* Calculate ⃗j = P^′(V ⃗j^S + ⃗j^′) */ j_1=^3_5 (j^′_{01} + j^′_1)+^1_5 (j^′_{02} + j^′_2); j_1=^1_5 (j^′_{01} + j^′_1)+^2_5 (j^′_{02} + j^′_2); /* Execute iteration (j_1, j_2) */ A[j_1, j_2]=A[j_1 − 1, j_2 − 2]+A[j_1 − 3, j_2 − 1]; } }

}

3.2.3 Comparison – Experimental Results Both our method (in the sequel denoted as RI - Reduced Inequalities) and the one described in [AI91] by Ancourt and Irigoin (denoted as AI), have been implemented as a software tool which automatically generates tiled C code using any tiling transformation P . In this section, we compare AI and RI methods both in terms of compilation time and generated code e‹ciency. We generated several random 2−D and 3−D problems and measured the following: compilation time, row operations performed by Fourier-Motzkin elimination and run time of the generated code. In the sequel, we applied both AI and RI methods to three real applications: SOR, Jacobi and ADI integration. We also applied the inequalities of AI method to the Omega calculator [KMP^+95] and generated code for all problems. We then measured the compilation time and run time obtained by Omega (the results are denoted as AI-Omega) and compared them with the ones obtained by AI (using our tool) and RI. Table 3.1 shows the iteration spaces used as examples in 2 − D and 3 − D problems. We applied several tiling transformations, in which the non-zero elements of the tiling matrices were randomly generated. In 2 − D spaces we applied three di¸erent tiling transformations (P_1, P_2, P_3) varying from the diagonal matrix P_1 to more complex ones. In 3 − D spaces we applied seven di¸erent tiling transformations (P_4, . . . , P_{10}), again here starting from the diagonal P_4 and adding non-zero elements (P_{10} contains no zero element). We performed our experiments on a PIII @ 800MHz processor with 128MB of RAM. The operating system is Linux with kernel 2.4.18. The generated tiled code was compiled using gcc v.2.95.4 with the -O3 optimization ‚ag. We also experimented with lower optimization levels, where the execution times were slower, but the relative results for all methods remained the same.

Table 3.1: Example iteration spaces

j1 j2 j3 lower upper lower upper lower upper bound bound bound bound bound bound # of iterations Space1 −1999 4999 −1999 4999 - - 48986001 Space2 −1999 4999 −1999 4999 + 2i1 - - 69983001 Space3 −4999 4999 −4999 + 3i1 4999 + 2i1 - - 99980001 Space4 0 399 0 399 0 399 64000000 Space5 0 399 0 399 + i1 0 399 95920000 Space6 0 399 −i1 399 + i1 0 399 127840000 Space7 −99 149 −99 − i1 149 + i1 −99 149 + 2i2 22904099 Space8 0 399 −i1 399 + i1 i1 79 + 2i2 117635018 Space9 −99 149 −99 − i1 149 + i1 −99 − i1 149 + i1 + 2i2 31129399 Space10 0 59 −i1 59 + i1 −i1 − 3i2 59 + i1 + 2i2 1994462

Row Operations - Compilation Time

Tables 3.2-3.4 summarize the results (row operations and compilation time) from the compilations of all iteration spaces tiled with all candidate tiling matrices. We present here the number

Table 3.2: Fourier-Motzkin row operations and compilation time for 2D algorithms

AI RI AI-Omega AI RI Row Operations Compilation Time (ms) Space1 30 10 16.29 0.26 0.26 P1 Space2 30 10 19.53 0.27 0.26 Space3 34 10 20.82 0.29 0.26 Space1 37 10 22.56 0.28 0.27 P2 Space2 33 10 21.56 0.28 0.27 Space3 34 10 22.78 0.29 0.26 Space1 56 12 33.36 0.36 0.30 P3 Space2 55 12 39.40 0.37 0.30 Space3 53 12 40.12 0.36 0.30 Avg. Row Operations Avg. Compilation Time (ms) P1 31 10 18.88 0.27 0.26 P2 35 10 22.30 0.28 0.27 P3 55 12 37.63 0.36 0.3

of row operations and compilation times of each matrix for each iteration space and the average values of each matrix for all iteration spaces.

Run Time

In order to evaluate the run time overhead due to tiling, we executed all tiled codes of the previous problems and measured their run time. We also executed the original untiled serial code for each problem. We de˛ne the tiling overhead factor (TOF) as the fraction of the run time of the sequential tiled code to the run time of the untiled code: T OF =^{Run time of Sequential Tiled Code}

Run time of Untiled Code .

Note that, the loop body in each case is a simple array assignment statement and, thus, the run time measured is dominated by the time to compute the loop bounds. Since the array size was small (20 × 20) and the tile sizes were not chosen to be optimal for cache locality, the sequential tiled code does not present any improvement due to the exploitation of the memory hierarchy. Thus, TOF indicates the overhead imposed by the evaluation of the new loop bounds, due to tiling. If TOF is too large, it will aggravate the speedup obtained when we parallelize nested for-loops using tiling. Tables 3.5-3.6 summarize the tiling overhead factors. Again here we present the TOFs of all tiling matrices applied to each iteration space and the average TOFs of all matrices P across all iteration spaces. Figure 3.9 shows the TOF of 3 − D problems as a function of the number of non-zero elements in tiling matrix P .

Real Applications

In our last set of experiments, we applied AI and RI methods to tile three real applications: SOR, Jacobi, and ADI integration. For the ˛rst two problems, there is a skewed and an unskewed version, and for each version there are four (communication and scheduling) optimal matrices as described in [HS02] and [Xue97a]. Table 3.7 summarizes the row operations, compilation times

68 Automatic parallel code generation for tiled nested loops

Table 3.3: Fourier-Motzkin row operations and compilation time for 3D algorithms. In some cases the Fourier-Motzkin elimination method could not be completed in a reasonable time, or was interrupted due to lack of memory or an overflow exception. In these cases, we have denoted a – in the respective cells of the table.

Row Operations Compilation Time (ms) AI RI AI-Omega AI RI Space4 70 22 27 0.41 0.43 Space5 70 22 30.7 0.42 0.43 Space6 74 22 33.39 0.44 0.43 P4 Space7 80 22 42.5 0.49 0.44 Space8 117 22 84.14 0.62 0.44 Space9 87 20 55.8 0.53 0.43 Space10 116 22 89.54 0.63 0.44 Space4 82 22 36.3 0.45 0.44 Space5 86 22 45.58 0.48 0.43 Space6 96 22 51 0.53 0.43 P5 Space7 95 22 51.52 0.55 0.44 Space8 150 22 158.12 0.79 0.45 Space9 110 20 55.56 0.62 0.43 Space10 118 22 70.35 0.65 0.45 Space4 132 28 106 0.64 0.48 Space5 159 34 167.63 0.77 0.51 Space6 220 42 371.34 1.1 0.54 P6 Space7 199 38 213.76 1.03 0.54 Space8 470 42 397.13 3.91 0.54 Space9 316 38 284.81 1.91 0.54 Space10 360 42 382.33 2.32 0.55 Space4 264 28 235.55 1.33 0.49 Space5 578 34 367.78 6.0 0.52 Space6 508 42 1, 188.72 4.24 0.55 P7 Space7 1411 38 911.38 40.78 0.54 Space8 1522 42 2, 099.32 51.31 0.56 Space9 379 38 370.47 2.61 0.55 Space10 419 42 527.3 3.08 0.56 Space4 4, 254 28 1, 558.04 460.04 0.51 Space5 14, 012 34 2, 891.19 7, 607.2 0.52 Space6 10, 049 38 4, 019.51 3, 022.46 0.54 P8 Space7 1, 752 36 1, 846.78 73.16 0.54 Space8 6, 031 40 3, 201.75 1, 040.44 0.55 Space9 637 36 3, 889.58 7.27 0.54 Space10 936 40 { 15.95 0.55 Space4 6, 933 46 1, 984.67 1, 280.34 0.56 Space5 10, 569 42 2, 775.25 3, 234.86 0.56 Space6 5, 655 40 3, 662.66 855.78 0.55 P9 Space7 751 40 5, 132.84 9.77 0.55 Space8 1, 907 36 1, 943.71 83.53 0.54 Space9 259 22 2, 308.23 1.37 0.51 Space10 295 22 2, 640.29 1.65 0.49 Space4 6, 477 46 1, 629.59 1, 034.07 0.58 Space5 27, 763 44 2, 612.24 45, 342.36 0.56 Space6 12, 533 40 2, 484.32 5, 351.28 0.55 P10 Space7 95, 712 40 2, 428.64 638, 417.48 0.56 Space8 83, 025 40 1, 014.64 450, 599.44 0.56 Space9 71, 119 40 3, 215.22 328, 971.3 0.57 Space10 > 120, 309 40 4, 336.41 > 1, 025, 846.41 0.57

Table 3.4: Average row operations and compilation time for 3D algorithms

Avg. Row Operations Avg. Compilation Time (ms) AI RI AI-Omega AI RI P4 88 22 51.87 0.51 0.43 P5 105 22 67.2 0.58 0.44 P6 265 38 276.14 1.67 0.53 P7 726 38 814.36 15.62 0.54 P8 5382 36 2, 901.14 1, 746.64 0.53 P9 3767 35 2, 921.1 781.04 0.53 P10 59563 41 2, 531.58 356, 508.91 0.56

Table 3.5: Tiling overhead factors (TOF) for 2 − D problems

TOF (2D) Avg. TOF (2D) AI-Omega AI RI AI-Omega AI RI Space1 2.59 0.96 1.24 P1 Space2 2.73 1.01 1.27 2.85 1.03 1.31 Space3 3.22 1.13 1.43 Space1 6.27 4.55 1.61 P2 Space2 6.12 4.62 1.63 6.62 4.78 1.69 Space3 7.45 5.16 1.82 Space1 8.00 6.10 3.58 P3 Space2 7.75 6.21 3.63 8.23 6.41 3.75 Space3 8.95 6.92 4.04

and TOFs for each case. Figure 3.10 shows the TOFs obtained by each method, in each case.

Overall Evaluation Comments

As far as compilation time is concerned, RI method clearly outperforms AI method. This is due to the fact that RI method feeds Fourier-Motzkin elimination with the system in (3.8), which consists of 2n inequalities with n variables, while AI method feeds Fourier-Motzkin elimination with the system in (3.1), which consists of 4n inequalities with 2n variables. Recall that Fourier- Motzkin elimination is a doubly exponential algorithm and thus the reduction in its input size

Figure 3.9: Average tiling overhead factors for 3 − D problems

70 Automatic parallel code generation for tiled nested loops

Table 3.6: Tiling overhead factors (TOF) for 3 − D problems.

In case the compilation time could not be calculated in Table 3.3, then, the run time can not be calculated, either. These cases have been indicated by a – in the respective cells of this table.

TOF (3D) Avg. TOF (3D) AI-Omega AI RI AI-Omega AI RI Space4 1.33 1.21 1.18 Space5 1.36 1.23 1.17 Space6 1.39 1.23 1.17 P4 Space7 2.19 1.21 1.11 1.99 1.26 1.17 Space8 2.45 1.16 1.19 Space9 2.44 1.28 1.10 Space10 2.75 1.48 1.30 Space4 5.39 3.57 1.97 Space5 5.57 3.59 1.98 Space6 5.72 3.63 1.91 P4 Space7 4.33 3.20 1.77 4.96 3.44 1.88 Space8 4.57 3.20 1.85 Space9 4.51 3.33 1.77 Space10 4.61 3.53 1.90 Space4 10.90 7.55 4.05 Space5 10.77 7.52 4.38 Space6 11.17 7.65 4.51 P4 Space7 8.33 6.67 4.13 9.55 7.16 4.62 Space8 8.44 6.68 4.01 Space9 8.52 6.89 4.61 Space10 8.75 7.18 6.67 Space4 15.50 9.86 4.65 Space5 16.09 10.05 5.14 Space6 16.20 10.10 5.29 P7 Space7 12.67 9.04 4.80 13.90 9.47 5.17 Space8 12.72 8.92 4.65 Space9 11.80 8.95 4.84 Space10 12.29 9.38 6.84 Space4 12.94 9.81 3.51 Space5 12.40 9.88 3.61 Space6 12.27 9.92 3.68 P4 Space7 9.87 8.39 3.29 11.24 9.14 3.60 Space8 10.08 8.36 3.16 Space9 9.87 8.60 3.48 Space10 { 8.98 4.46 Space4 12.68 9.63 6.10 Space5 12.52 9.61 6.05 Space6 12.68 9.75 6.09 P4 Space7 9.21 7.96 5.05 10.74 8.78 5.51 Space8 9.75 7.89 4.39 Space9 9.51 8.15 4.57 Space10 8.86 8.46 6.33 Space4 16.07 11.70 5.17 Space5 16.55 11.75 5.04 Space6 16.24 11.57 5.09 P4 Space7 12.30 10.48 5.11 13.62 11.07 5.62 Space8 11.20 10.14 3.83 Space9 11.26 10.77 5.67 Space10 11.72 { 9.44

Table 3.7: Performance for real applications

Row Operations Compilation Time (ms) TOF AI RI AI-Omega AI RI AI-Omega AI RI P1 99 22 53.03 0.50 0.42 1.47 1.20 1.05 SOR P2 107 22 50.27 0.53 0.42 1.50 1.21 1.01 P3 118 22 49.01 0.57 0.42 1.75 1.63 1.05 P4 165 40 90.04 0.77 0.5 1.80 1.78 1.30 P1 99 22 42.09 0.53 0.41 1.59 1.29 1.06 SOR P2 107 22 40.60 0.53 0.42 1.60 1.29 1.06 skewed P3 118 22 57.9 0.57 0.42 1.90 1.73 1.12 P4 165 40 91.97 0.77 0.51 1.95 1.86 1.34 P1 645 28 346.99 5.3 0.46 2.08 1.91 1.57 Jacobi P2 645 28 347.96 5.26 0.47 2.09 1.92 1.60 P3 800 28 362.5 8.86 0.47 2.06 1.90 1.56 P4 3207 46 1, 353.55 194.88 0.53 5.58 5.09 2.10 P1 645 28 251.885 4.93 0.48 1.99 1.88 1.44 Jacobi P2 645 28 248.27 4.98 0.47 1.98 1.87 1.46 skewed P3 800 28 229.34 8.19 0.48 2.02 1.89 1.45 P4 691 28 238.82 5.95 0.47 2.01 1.88 1.43 ADI P1 180 28 47.42 0.85 0.46 1.46 1.47 1.07

Figure 3.10: Tiling overhead factors for real applications

imposed by our method causes signi˛cant reduction in the method’s execution steps, as clearly seen by the number of row operations. Note also that the exact simpli˛cation method of Fourier- Motzkin elimination was not applied in the presented experiments, since the gain in run time by the application of the method was inadequate to justify the vast increase in compilation times, especially in the case of AI method (3% average and 10% maximum gain in run time). In particular, while RI compilation times remained in the order of milliseconds when using exact simpli˛cation, AI compilation times increased dramatically (reached the order of an hour). This means that we can practically apply exact simpli˛cation to RI, in order to further improve the e‹ciency of the generated code.

Despite the reduction in compilation time imposed by RI, it seems that both AI and AI- Omega perform well in almost all 2 − D and 3 − D problems (compilation times are less than one second). However, in problems of larger dimensions, both AI and AI-Omega present several problems. We executed a number of randomly generated 4 − D algorithms and observed that, at ˛rst, the compilation time of AI becomes impractical (several hours or even days). More importantly, AI failed to generate code for almost half of the problems due to lack of memory. Note that Fourier-Motzkin elimination is also doubly exponential in space, so in several 4 − D problems even 1GB of virtual memory was not su‹cient to cover the needs of the method. On the other hand, AI-Omega also faced some problems with memory space (to a smaller extent than AI) but here again, in almost half of the problems, the system rose an over‚ow exception. Apparently, after a large number of row operations in 4−D algorithms, some coe‹cients exceeded the system’s MAXINT. In all cases RI method succeeded in generating code, within some seconds in the worst case.

Note, also, that, since we do not know all details about the implementation of Omega, we cannot be sure why the AI-Omega implementation gives higher implementation times than our implementation. However, as deduced by tiling matrices P_8, P_{10}, Omega is more stable and one can more accurately predict the time needed for the generation of serial tiled code.

As far as run time is concerned, RI also exhibits a signi˛cant improvement in performance in all problems. In particular, as shown in Figure 3.9, as the number of non-zero elements in matrix P increases, the improvement of RI method becomes much more obvious. This means that RI method performs very well in complex problems where the tiling matrices contain many nonzero elements and the iteration spaces are non-rectangular. In addition, as shown in Figure 3.10, RI’s performance is nearly optimal in simpler algorithms such as SOR, Jacobi and ADI, since the TOF in these cases is very close to one. Thus, RI performs very well in easy problems and sustains a remarkably good performance even when the tiling transformations and the shape of the iteration spaces become increasingly complex.

The improvement in the quality of the generated code caused by RI, is due to the fact that, although the code to enumerate the tiles is essentially similar in AI and RI, the code to traverse the internal points of the tiles is completely di¸erent. Our tool makes a distinction between boundary and internal tiles and generates di¸erent code to scan the internal points for both AI and RI (as in Examples 3.3, 3.4). In the case of boundary tiles, RI method results in fewer inequalities for the bounds of the tile space. Consequently, fewer bound calculations are executed during run time. In the case of internal tiles, which are the vast majority in most problems, the code of RI consists of a loop with constant bounds 0 ≤ j^′_i ≤ v_{ii} − 1 for i = 1, . . . , n (see formula (3.15)), while the code of AI includes a loop whose bounds are derived from the

application of Fourier-Motzkin elimination to the system � gH −gH � (⃗j − ⃗j_0) ≤ � (g − 1)⃗1 ⃗0 �

(see formula (3.11)). It is clear that the calculation of loop bounds in the ˛rst case is much more e‹cient. Finally, note that the enumeration of some redundant tiles does not impose any signi˛cant overhead, since the number of redundant tiles is negligible. The same holds for the non-unimodular transformation used to access the internal points of the tiles. In this case, the additional operations due to the transformation are simple integer multiplications, while operations on extra variables are integer additions and assignment statements, which are all e‹ciently executed by modern processors and optimized by any back-end compiler like gcc.

Note, also, that, the run time overhead imposed by Omega, in comparison to our implementation for AI inequalities, is due to the fact that Omega is a general purpose code generation tool, while our implementation is aimed at tiled nested loops. Thus, Omega cannot take into account the discrimination of internal and boundary tiles, as in Examples 3.3, 3.4. It uses the system of inequalities (3.1) for both enumerating the tiles and scanning their interior. Although the optimization described in this section could not be incorporated into Omega, the respective columns have been used in Tables 3.2-3.7 as a measure of e‹ciency of the code produced by our tool.

Summarizing, the compilation time reduction is due to the method used to enumerate the tiles of the tile space, while the run time reduction is mainly due to the transformation of a non-rectangular tile to a rectangular one.

3.3 Parallelization

In this section, we refer to some parallelization aspects of the sequential tiled code. Recall from Figure 3.1 that the parallelization of an arbitrarily tiled algorithm involves two separate tasks: ˛rst, the generation of the sequential tiled code and, second, the parallelization of this code. §3.2 focused on the ˛rst task. This section will focus on the second one. Parallelization can be separated in sub-tasks such as iteration distribution, data distribution and data transferring code generation. Tang and Xue in [TX00] addressed the same issues for rectangularly tiled iteration spaces. In this section, as in [GDAK02a], [Gou03], e‹cient data parallel code for non-rectangular tiles will be discussed, without imposing any further complexity.

When executing an algorithm on a distributed memory machine, the original data space of the algorithm is distributed to the local memories of the processing nodes. The local data space of each node is in general a non-rectangular subset of the original data space, even if rectangular tiling is applied [AKN95]. However, applying the transformations proposed in §3.2.2, each processor can iterate over a rectangular local iteration space (TTIS) and access rectangular data spaces as well. In this way, each processor can allocate exactly the required amount of memory. Rectangular data spaces also allow for straightforward addressing schemes of array elements and thus a direct way of sweeping data by the generated code.

Another very important bene˛t in parallelization using rectangular local iteration spaces (TTIS) is the convenient determination of the communication sets. Each communication set contains the communication points, i.e. the points that are written in the local memory of a processing node and are needed by another. The communication points have the following property: if we add one dependence vector to them, then the resulting point lies in a tile assigned to a di¸erent node. Figure 3.11 shows the communication points and sets when determined in

Figure 3.11: Determining communication sets in the TIS and TTIS.

In case the following tile along a dimension has been assigned to a different processing node, then the data calculated by the iterations of the corresponding grey area should be transferred to it.

the TIS and in the TTIS. ⃗d_1 and ⃗d_2 are the dependences of the original algorithm, while ⃗d^′_1 and ⃗d^′_2 are the transformed dependences in the T T IS. It is obvious that, when working with the rectangular T T IS, the communication sets are much more easily determined since they are rectangular as well. Note that these sets, indicated by grey areas should be transferred at runtime only in case the following tile is assigned to a di¸erent node, according to the allocation schemes that will be explored in detail in Chapters 4, 5.

3.3.1 Some more algorithmic assumptions In addition to the restriction imposed by our algorithmic model in §2.2 and summarized in Appendix B, in this section we also consider that the body of the perfectly nested loops is consisted of a statement of the form:

A[f_w(⃗j)] := F (A[f_w(⃗j − ⃗d_1)], . . . , A[f_w(⃗j − ⃗d_q)]);

where:

1. ⃗j = (j_1, . . . , j_n) is the current iteration

2. ⃗d_i = (d_{i1}, . . . , d_{in}), i = 1, . . . , q are the uniform and constant dependences of this code segment and

3. F , f_w are functions.

In order to simplify the model, single assignment statements with one array variable have been considered. Note, however, that this is only a notational restriction, since all of the techniques presented in this section can be adapted to multiple statements on multiple arrays. In addition to previously de˛ned spaces, in this section we shall use the data space, denoted DS, de˛ned as: DS = {f_w(⃗j)|⃗j ∈ J^n}

where f_w is the write array reference.

The underlying architecture is considered a (n − 1)-dimensional processor mesh. Thus, each processor is identi˛ed by a (n − 1)-dimensional vector denoted ⃗pid. Note, however, that this is not a physical restriction, but a convention for processor labelling. More generally, a bi-level parallel architecture may be considered as a (n−1)-dimensional mesh of SMP nodes (Symmetric Multi-Processors). Each SMP node is identi˛ed by a (n−1)-dimensional vector denoted ⃗smp id. In addition, we consider that each SMP node is consisted of a (n−1)-dimensional mesh of CPUs (processors) with m_x CPUs along the x-th dimension. Each CPU is identi˛ed by a (n − 1)- dimensional vector denoted ⃗cpu id (0 ≤ cpu id_x ≤ m_x − 1). Apparently, there is an one-to-one correspondence between the global labels of processors and their labels inside a node. It holds that pid_x = cpu id_x + smp id_xm_x

Inversely, it holds that cpu id_x = pid_x%m_x

smp id_x = ⌊pid_x/m_x⌋

The memory is physically distributed among nodes. Processors perform computations on local data. In order to use data calculated by a di¸erent processor,

1. if they reside in the same node, they should only synchronize with each other in order to make sure that the data neede have already been written to shared memory before used, or

2. if they reside in di¸erent nodes, they should communicate with each other via message passing or remote DMA, in order to exchange data that reside to remote memories.

The general intuition in the presented approach is that, since the iteration space is transformed by H and H^′ into a space of rectangular tiles, each processor can work on its local share of rectangular tiles and, following a proper memory allocation scheme, perform operations on rectangular data spaces as well. After all computations have been completed, locally computed data can be written back to the appropriate locations of the global data space. In this way, each processor essentially works on iteration and data spaces that are both rectangular, and properly translates from its local data space to the global one.

3.3.2 Computation Distribution

Computation distribution determines which computations of the sequential tiled code will be assigned to which processor. The n innermost loops of the sequential tiled code that access the internal points of a tile will not be parallelized, and thus parallelization only involves the distribution of tiles (traversed by the outermost n-dimensional loop) to processors. Hodzic and Shang in [HS98] mapped all tiles along a speci˛c dimension to the same processor and used hyperplane Π = [1, . . . , 1] as time scheduling vector. In addition to this, previous work [AKPT99] in the ˛eld of UET-UCT task graphs has shown that if we map all tiles along the dimension with the maximum length (i.e. maximum number of tiles) to the same processor, then the overall scheduling is optimal, as long as the computation to communication ratio is one. This conclusion will also be veri˛ed in §4.4.4 for a bi-level parallel architecture. However, all research works resulting to this conclusion have assumed the existence of an in˛nite number of processors. We will keep on this assumption in this section also. In Chapter 5 we shall propose some allocation schemes in case there are fewer processors available than needed.

Let us denote the i-th dimension as the one with the maximum total length. According to the above, all tiles indexed by ⃗j^S = (j^S_1 , . . . , j^S_i , . . . , j^S_n ), where j^S_k = const, k = 1, . . . , i−1, i+1, . . . , n and l^S_i ≤ j^S_i ≤ u^S_i are executed by the same processor. The n − 1 coordinates of a tile (excluding j^S_i ) will identify the processor that a tile is going to be mapped to ( ⃗pid). All tiles along j^S_i are sequentially executed by the same processor, one after the other, in an order speci˛ed by a linear time schedule. This means that, after the selection of index j^S_i with the maximum trip count, we reorder all indices so that j^S_i becomes the innermost index. This corresponds to loop index interchange or permutation. Since all dependence vectors ⃗d^S in J^S are considered lexicographically positive, the interchanging or reordering of indices is valid (see also [PW86]). The boundaries of the reordered loop indices, in case of a non-rectangular tile space, can be calculated by an application of the Fourier-Motzkin elimination method [BW95].

3.3.3 Data Distribution

In a NUMA architecture, the data space of the original algorithm is distributed to the local memories of the various nodes forming the global data space. Data distribution decisions a¸ect the communication volume, since data that reside in one node may be needed for the computation in another. In our approach we follow the computer-owns rule, which dictates that a processor owns the data it writes. It means that data computed by a processor are directly written to the local memory of the respective node. Communication occurs when a processor residing in another node needs to read data computed in the former one. Substantially, the memory space allocated by a node represents the space where computed data are to be stored. This means that the processors of each node iterate over a number of transformed rectangular tiles (T T IS) and can locally store their computed data to a rectangular data space. At the end of all their computations, the locally computed data can be placed to the appropriate positions of the global data space (DS). Thus, concerning the data writes, we can distinguish the following phases:

1. Data (initial and boundary values) are distributed to the local memories of the nodes, according to the computer-owns rule.

2. Data are locally computed by the processors of each node. Communication is interleaved between the execution of two tiles in order to receive data from neighboring nodes needed during the execution of subsequent tiles. The data received are locally stored.

3. At the end of all computations, locally computed data are written to the global data space (DS).

A simpli˛ed version of this procedure, concerning single CPU nodes, is extensively described in [GDAK02a], [Gou03].

The data space computed by a tile could be an exact image of the T T IS, but in this case the holes of the T T IS would correspond to unused extra space. In addition to the space storing the computed data, each node needs to allocate extra space for communication, that is memory space to store the data it receives from its neighbors. This means that we need to

1. condense the actual points of the T T IS and

2. provide further space for receiving data.

Since, after all transformations, we ˛nally work with rectangular sets, this local data space (denoted LDS) allocated by a node, is given by the following de˛nition.

Figure 3.12: Local data space LDS and transformed tile iteration space T T IS

De˛nition 3.1 The local data space (LDS) is defined as:

LDS = � � � ⃗j′′ ∈ Z^n| 0 ≤ j^{′′k} < off^k + m^kv^{kk}/

~h′_{kk}, k = 1, . . . , n, k ≠ i

∧0 ≤ j^{′′}_i < off_i + |t|v_{ii}/ ~h^′_{ii} � � �

where |t| denotes the maximum number of tiles assigned to a processor of the particular node.

As shown in Figure 3.12, the LDS of a processor consists of the memory space required for packing computed data (black dots) and for unpacking received data (grey dots) of a tile, multiplied by the number of tiles assigned to the particular processor. White dots depict unused data. The o¸set off_k, which expands the space to store received data, derives from the communication criteria of the algorithm, as shown in §3.3.4. Recall that each processor iterates over the T T IS for as many times as the number of tiles assigned to that processor. Lemma 3.5 determines the translation function from T T IS to LDS, while Lemma 3.6 determines the inverse translation function from LDS to T T IS.

Lemma 3.5 If ⃗j^′ ∈ T T IS, then its corresponding point in LDS is given by the following expressions:

j^{′′}_k = ⌊(cpu id_kv_{kk} + j^′_k)/ ~h^′_{kk}⌋ + off_k, k ≠ i

j^{′′}_i = ⌊(tv_{ii} + j^′_i)/ ~h^′_{ii}⌋ + off_i

where t is the current tile. We call this transformation function as map(): ⃗j^{′′} = map(⃗j^′, t).

Proof: In order to prove the validity of this transformation, we need to prove that the resulting point ⃗j^{′′} ∈ LDS.

1. For each k ≠ i it holds that 0 ≤ j^′_k < v_{kk} ⇒ 0 ≤ ⌊^{j′k}_{~h′kk} ⌋ <^{vkk}_{~h′kk} ⇒^{cpu idkvkk}_{~h′kk} + off_k ≤^{cpu idkvkk}_{~h′kk} + ⌊^{j′k}_{~h′kk} ⌋ + off_k <^{(cpu idk+1)vkk}_{~h′kk} + off_k. Taking into account that 0 ≤ cpu id_k ≤ m_k − 1, the previous inequality gives off_k ≤^{cpu idkvkk}_{~h′kk} + off_k ≤ j^{′′}_k <

(cpu id_k+1)v_{kk} ~h′_{kk} + offk ≤ m_kv_{kk} ~h′_{kk} + offk.

2. In addition, 0 ≤ j^′_i < v_{ii} ⇒ 0 ≤ ⌊^{j′i}_{~h′ii} ⌋ <^{vii}_{~h′ii} ⇒^{tvii}_{~h′ii} + off_i ≤^{tvii}_{~h′ii} + ⌊^{j′i}_{~h′ii} ⌋ + off_i <

(t+1)v_{ii}

~h′_{ii} + offi. Taking into account that 0 ≤ t ≤ |t| − 1, the previous inequality gives

off_i ≤^{tvii}_{~h′ii} + off_i ≤ j^{′′}_i <^{(t+1)vii}_{~h′ii} + off_i ≤^{|t|vii}_{~h′ii} + off_i.

Therefore, it holds that ⃗j^{′′} = map(⃗j^′, t) ∈ LDS. In addition, the proof of item (1) gives that the corresponding parts of LDS for each CPU of a node have no common elements, but they are neighboring iff CPUs are neighboring. The proof of item (2) gives that the corresponding parts of LDS for each tile of a processor have no common elements, but they are neighboring iff tiles are neighboring. ⊣

3.3 Parallelization 79

Lemma 3.6 If ⃗j^{′′} ∈ LDS, then its corresponding point in T T IS is given by the following expression: ⃗j′ = ~H′⃗x

where ⃗x is given by:

x_k = j^{′′}_k − off_k − cpu id_kv_{kk}/ ~h^′_{kk} − ⌊( k−1� l=1 x_l ~h^′_{kl})/ ~h^′_{kk}⌋, k ≠ i

x_i = j^{′′}_i − off_i − tv_{ii}/ ~h^′_{ii} − ⌊( i−1� l=1 x_l ~h^′_{il})/ ~h^′_{ii}⌋

where t = ⌊(j^{′′}_i − off_i) ~h^′_{ii}/v_{ii}⌋ is the current tile. We call this transformation function as map^{−1}(): (⃗j^′, t) = map^{−1}( ⃗j^{′′}).

Proof: We need to prove that map and map^{−1} are indeed inverse functions. Equivalently, we should prove that

1. (⃗j^′, t) = map^{−1}(map(⃗j^′, t)) and 2. ⃗j^{′′} = map(map^{−1}( ⃗j^{′′})).

1. (⃗j^′, t)^?= map^{−1}(map(⃗j^′, t)) ⇔

� � � � � t^?= ⌊^{((⌊}

tvii+j′i h′ii ⌋+offi)−offi)

~h′_{ii} v_{ii} ⌋ (a) ∧ j^′_l^?=^l � k=1 ~h′_{lk}y_k (b) ,

where:

� � � � � y_k = ((⌊^{cpu idkvkk+j′k}

~h′_{kk} ⌋ + offk) − offk − cpu id_kv_{kk} ~h′_{kk} ) − ⌊ k−1∑ l=1 ~h′_{kl}y_l ~h′_{kk} ⌋, k ≠ i

y_i = ((⌊^{tvii+j′i}_{~h′ii} ⌋ + off_i) − off_i −^{tvii}_{~h′ii} ) − ⌊

i−1∑ l=1 ~h′_{il}y_l ~h′_{ii} ⌋

� � � � �

⇔ y_k = ⌊^{j′k}_{~h′kk} ⌋ − ⌊

k−1∑ l=1 ~h′_{kl}y_l ~h′_{kk} ⌋ ∀k

(a) However, t^?= ⌊

((⌊^{tvii+j′i}_{h′ii} ⌋+off_i)−off_i)~h^′_{ii} v_{ii} ⌋ ⇔ t

?= t + ⌊^⌊ j′i h′ii ⌋

~h′_{ii} v_{ii} ⌋. From 0 ≤ j ′ i < v_{ii} ⇒ 0 ≤ ⌊^{j′i}_{~h′ii} ⌋ <^{vii}_{~h′ii} ⇒ 0 ≤ ⌊^{j′i}_{~h′ii} ⌋~h^′_{ii} < v_{ii} ⇒ 0 ≤ ⌊

⌊^{j′i}_{h′ii} ⌋~h^′_{ii}

v_{ii} ⌋ < 1 ⇒

⌊^⌊ j′i h′ii ⌋

~h′_{ii} v_{ii} ⌋ = 0. Thus, t

?= t + ⌊^⌊ j′i h′ii ⌋

~h′_{ii} v_{ii} ⌋ ⇔ t

?= t + 0, which is always valid.

(b) In addition, from y_k = ⌊^{j′k}_{~h′kk} ⌋ − ⌊

k−1∑ l=1 ~h′_{kl}y_l ~h′_{kk} ⌋ ⇒ ⌊ j^′_k ~h′_{kk} ⌋ = yk + ⌊ k−1∑ l=1 ~h′_{kl}y_l ~h′_{kk} ⌋ = ⌊ k∑ l=1 ~h′_{kl}y_l ~h′_{kk} ⌋ ⇒

~h′_{kk}⌊ k∑ l=1 ~h′_{kl}y_l ~h′_{kk} ⌋ ≤ j ′ k ≤ ~h^′_{kk}⌊ k∑ l=1 ~h′_{kl}y_l ~h′_{kk} ⌋ +

~h′_{kk} − 1. In this interval, there is exactly one actual point j^′_k (as ~h^′_{kk} is the step of j^′_k in order to meet another actual point), which is^k � l=1 ~h′_{kl}y_l. Therefore, it holds that j′_k =^k� l=1 ~h′_{kl}y_l. 2.

⃗j′′^?= map(map^{−1}( ⃗j′′)) ⇔

� � � � � � � j^{′′}_k^?= ⌊

cpu id_kv_{kk}+^k ∑ l=1 ~h′_{kl}z_l

~h′_{kk} ⌋ + offk, k ≠ i ∧ j^{′′}_i^?= ⌊

tv_{ii}+^i ∑ l=1 ~h′_{il}z_l

~h′_{ii} ⌋ + offi

� � � � � � � (3.18)

where:

� � � � � z_l = j^{′′}_l − off_l −^{cpu idlvll}_{~h′ll} − ⌊

l−1∑ k=1 ~h′_{lk}z_k

~h′_{ll} ⌋, l ≠ i

z_i = j^{′′}_i − off_i −^{tvii}_{~h′ii} − ⌊

i−1∑ k=1 ~h′_{ik}z_k

~h′_{ii} ⌋

� � � � � ⇒

� � � � � j^{′′}_l = off_l +^{cpu idlvll}_{~h′ll} + ⌊ l∑ k=1 ~h′_{lk}z_k

~h′_{ll} ⌋, l ≠ i

j^{′′}_i = off_i +^{tvii}_{~h′ii} + ⌊ i∑ k=1 ~h′_{ik}z_k

~h′_{ii} ⌋

(3.19)

Therefore, (3.18)^{(3.19)}⇐⇒ � � � � � � � off_k +^{cpu idkvkk}_{~h′kk} + ⌊ k∑ l=1 ~h′_{kl}z_l

~h′_{kk} ⌋

?= ⌊

cpu id_kv_{kk}+^k ∑ l=1 ~h′_{kl}z_l

~h′_{kk} ⌋ + offk, k ≠ i ∧ off_i +^{tvii}_{~h′ii} + ⌊ i∑ k=1 ~h′_{ik}z_k

~h′_{ii} ⌋

?= ⌊

tv_{ii}+^i ∑ l=1 ~h′_{il}z_l

~h′_{ii} ⌋ + offi

which is apparently always valid, taking into account that v_{kk} is always a multiple of ~h′_{kk}, ∀k = 1, . . . , n.

After proving both claims (1) and (2), it turns out that this lemma is always valid. ⊣

Function map(⃗j^′, t) determines, according to Lemma 3.5, the memory location in LDS where computation for iteration ⃗j^′ ∈ T T IS is to be stored (Figure 3.12). Function loc(⃗j) in Table 3.8 uses map(⃗j^′, t) in order to locate the processor ⃗pid and the memory location ⃗j^{′′} ∈ LDS, where the computed data of iteration point ⃗j ∈ J^n is to be stored. Inversely, Table 3.9 shows the series of steps in order to locate the corresponding ⃗j ∈ J^n for a point ⃗j^{′′} ∈ LDS of processor ⃗pid. Thus, loc^{−1}() is called by a processor of each node at the end of the node’s computations in order to transit from their LDS to the original iteration space J^n. In the sequel, the corresponding point in the data space DS is found via f_w (Figure 3.13).

Figure 3.13: Relations between DS, J^n and LDS

Table 3.8: Using function loc() to locate ⃗j ∈ J^n in the LDS of a processor ⃗j′′ = map(⃗j′, t):

j^{′′}_k = ⌊(cpu id_kv_{kk} + j^′_k)/ ~h^′_{kk}⌋ + off_k, k ≠ i j^{′′}_i = ⌊(tv_{ii} + j^′_i)/ ~h^′_{ii}⌋ + off_i ( ⃗j^{′′}, ⃗pid) = loc(⃗j):

⃗jS = ⌊H⃗j⌋ ⃗j′ = H′(⃗j − P ⃗jS ) ⃗j′′ = map(⃗j′, jS_i − min{lS_i }) ⃗pid = (jS_1 , . . . , jS_{i−1}, jS_{i+1}, . . . , jS_n )

Under this scheme, each node allocates exactly the amount of local memory needed for computation and communication (minor over-allocation occurs in the few boundary tiles). Note that direct allocation of a node’s share in the original DS would lead to a waste of memory space, since this generally non-rectangular share would lead to the allocation of the minimum enclosing rectangular memory space. Note, also, that each node’s share in the original DS (the footprint of a tile because of f_w) is in general non-rectangular, even if a rectangular tiling transformation is applied. This method, however, forces the local data space of each node to be rectangular, allowing thus more e‹cient memory management. In addition, if we also take into account that data spaces for common computationally intensive algorithms are very large, and will probably not ˛t in each node’s memory, the compression of the local space to the LDS is in most cases necessary. Eventually, this leads to a trade-o¸ between computational complexity and allocated memory space, since extra expressions are needed to address the LDS, but this minor overhead does not signi˛cantly a¸ect performance, as indicated by the experimental veri˛cation of [GDAK02a]. Finally, note that storing data accessed by a non-rectangular tile to a dense rectangular data space also exploits cache locality.

Table 3.9: Using function loc^{−1}() to locate ⃗j^{′′} ∈ LDS of processor ⃗pid in J^n (⃗j^′, t) = map^{−1}( ⃗j^{′′}): t = ⌊(j^{′′}_i − off_i) ~h^′_{ii}/v_{ii}⌋ x_k = j^{′′}_k − off_k − cpu id_kv_{kk}/ ~h^′_{kk} − ⌊(^{k−1} � l=1 x_l ~h^′_{kl})/ ~h^′_{kk}⌋, k ≠ i

x_i = j^{′′}_i − off_i − tv_{ii}/ ~h^′_{ii} − ⌊(^{i−1} � l=1 x_l ~h^′_{il})/ ~h^′_{ii}⌋ ⃗j′ = ~H′⃗x ⃗j = loc^{−1}( ⃗j′′, ⃗pid):

⃗j′ = map−1( ⃗j′′) ⃗jS = (pid_1, . . . , pid_{i−1}, t + min{lS_i }, pid_{i+1}, . . . , pid_n) ⃗j = P^′(V ⃗jS + ⃗j′)

3.3.4 Communication sets Using the iteration and data distribution schemes described before, data that reside in the local memory of one node may be needed by another due to algorithmic dependences. In this case, the nodes need to communicate via message passing or remote DMA. The two fundamental issues that need to be addressed regarding communication are

1. the speci˛cation of the processors each processor needs to communicate with, and

2. the determination of the data that need to be transferred.

As far as the ˛rst issue is concerned, each processor needs to exchange data with its neighbors only in case they reside in a di¸erent node. That is, processors with cpu id_x = 0 ⇔ pid_x%m_x = 0 need to receive data from processors with pid^′_x = pid_x − 1. Similarly, processors with cpu id_x = m_x − 1 ⇔ pid_x%m_x = m_x − 1 should send data to neighboring processors with pid^′_x = pid_x + 1 (see Figure 3.14). When neighboring processors reside in the same node, they should only synchronize with each other, in order to make sure that data have been written to the shared memory of the node before used.

As far as the communication data are concerned, we focus on the communication points, as de˛ned below:

De˛nition 3.2 Let i be the mapping dimension. Let ⃗d^S ∈ D^S be a tile dependence that implies processor dependence, that is ∃l ≠ i : d^S_l ≠ 0. A point ⃗j^′ ∈ T T IS is considered a communication point respective to ⃗d^S iff the computed data at iteration ⃗j = P^′(V ⃗j^S +⃗j^′) is needed by tile ⃗j^S + ⃗d^S, where ⃗j^S ∈ J^S and ⃗j^S + ⃗d^S ∈ J^S, and ⃗j^S + ⃗d^S has been allocated to a different node than ⃗j^S.

Note that a communication point is only de˛ned in respect to a speci˛c tile dependence ⃗d^S. In other words, communication points in the T T IS correspond to iterations at which data are computed by one node and need to be sent to another node in tile direction ⃗d^S.

Figure 3.14: Communication among processors.

Only processors with neighbors in a different node need to transfer data among them. Neighboring processors within the same node should only synchronize with each other, in order to make sure that data have been written to the shared memory of the node before used.

We further exploit the regularity of the T T IS and LDS to deduce simple criteria for the communication points at compile time. The following lemma is useful:

Lemma 3.7 A point ⃗j^′ = (j^′_1, . . . , j^′_n) ∈ T T IS corresponds to a communication point respective

to a tile dependence ⃗d^S = (d^S_1 , . . . , d^S_n) ∈ D^S iff it holds:

j^′_k ≥ d^S_k (v_{kk} − max_{⃗d′∈D′}{d^′_k})

where k = 1, . . . , n, ⃗d^′ ∈ D^′, D^′ = H^′D, and tile ⃗j^S + ⃗d^S has been allocated to a different node

than ⃗j^S.

Proof: For ⃗j^′ to be a communication point according to the k-th dimension, we distinguish two cases:

1. d^S_k = 0. Since no tile dependence is enforced in this case, no limitation for j^′_k is defined.

So it holds 0 ≤ j^′_k ≤ v_{kk} − 1.

2. d^S_k = 1. In this case, there must exist a data dependence in the T T IS ⃗d^′ ∈ D^′ such, that the k-th component of ⃗j^′ + ⃗d^′ exceeds the respective bound of the T T IS, thus incurring need for communication according to the k-th dimension. According to the above, it must hold j^′_k + d^′_k > v_{kk} − 1 ⇒ j^′_k + d^′_k ≥ v_{kk} ⇒ j^′_k ≥ v_{kk} − d^′_k for some ⃗d^′ ∈ D^′ or equivalently

j^′_k ≥ v_{kk} − max_{⃗d′∈D′}{d^′_k}

The unification of both cases leads to the given condition. ⊣

Thus, it is advantageous to identify the communication data in the T T IS, as opposed to the other possible alternatives (e.g. the initial iteration space, the T IS etc.) which would complicate the communication procedure. Also, note that the o¸sets in LDS referenced in §3.3.3 can easily arise as follows:

off_k = ⌈max_{⃗d′∈D′}{d^′_k}/ ~h^′_{kk}⌉, ∀k = 1, . . . , n (3.20)

The instances of LDS corresponding to the communication points, as de˛ned by Lemma 3.7, can be calculated by the expression:

j^{′′}_k ≥ m_kv_{kk}/ ~h^′_{kk} (3.21)

for each tile dependence ⃗d^S with d^S_k ≠ 0.

Example 3.5: Continuing Example 3.4, we consider that the tiled nested loops will be executed by a cluster of SMP nodes with 4 processors each. According to Figure 3.2, the maximum total length corresponds to dimension j^S_1 . Thus, according to §3.3.2, j^S_1 should be selected as the mapping dimension of this example.

Since D^′ = H^′D = � 2 −1 −1 3 � � 3 1 1 2 � = � 5 0 0 5 � , the o¸set parameters of LDS are

given by formula (3.20) as follows:

off_1 = ⌈max_{⃗d′∈D′}{d^′_1}/ ~h^′_{11}⌉ = ⌈5/1⌉ = 5

off_2 = ⌈max_{⃗d′∈D′}{d^′_2}/ ~h^′_{22}⌉ = ⌈5/5⌉ = 1

According to De˛nition 3.1, as depicted in Figure 3.12, the local data space LDS is de˛ned as follows:

LDS = { ⃗j^{′′} ∈ Z^n|0 ≤ j^{′′}_1 < 5 + |t|10/1 = 5 + 10|t| ∧ 0 ≤ j^{′′}_2 < 1 + 4 · 20/5 = 17}

where |t| denotes the maximum number of tiles assigned to a processor of the particular node. According to formula (3.21), as indicated in Figure 3.12, the data that are computed in this node and should be transferred to a neighboring one, reside in the positions of LDS with j^{′′}_2 ≥ m_2v_{22}/ ~h^′_{22} = 4 · 20/5 = 16.

86 Automatic parallel code generation for tiled nested loops

4 Execution of tiles onto clusters of Symmetric Multiprocessors (SMP nodes)

In this chapter, the execution policies of non-overlapping and overlapping communication with computation, are generalized, in order to be applied onto PC clusters with more than one CPUs each. In order to achieve this generalization, we introduce the technique of grouping, which is a tiling transformation applied onto tiles. Afterwards, we produce a linear time scheduling of groups, which seems to be optimal, while any linear scheduling of tiles would be suboptimal, since the communication requirements among tiles are different. We also indicate how computation tasks should be allocated to the processors and we determine the guidelines for the selection of the grouping parameters. Finally, we theoretically and experimentally validate the techniques proposed.

4.1 An Intuitive Approach

Before starting with the full demonstration of the proposed techniques, we will intuitively illustrate the basic concepts of our method, using an example. Let us consider the following scenario: A 2-dimensional nested loop is to be executed onto a cluster of 3 identical single CPU nodes. We tile the iteration space of the code segment and assign each row of tiles to a CPU node. In order to achieve an easy allocation of tiles to CPUs, the size and shape of tiles should be selected so that the iteration space is partitioned into 3 rows of tiles (since 3 CPUs are available). Then, the tiles can be computed using either the overlapping, or the non-overlapping scheme presented in §2.7.

Figure 4.1: Execution of tiles on single-CPU nodes.

If the cluster consists of 3 single-CPU nodes, the initial iteration space is partitioned into 3 rows of tiles.

In the sequence, each single CPU node is replaced by an SMP node, with 2 CPUs. The ˛rst solution one may think of, is tiling the initial iteration space from scratch, selecting the tile size so as to get six rows of tiles. Then, a row of tiles may be assigned to each CPU and executed as if there were six single CPU nodes. This would mean that even CPUs inside the same SMP node should communicate with each other via message passing, in order to exchange the data needed. The result of such a consideration may be unnecessary transfers from the processing unit to the network card and vice versa, which will consume a portion of the intranode communication bandwidth. In the best case, when the compiler can detect and prevent such unnecessary communication between the processor and the network card, it will not evict unnecessary transfers among the shared and private space of threads inside the same SMP node [DK04]. In fact, they can simply write and read the data needed directly to and from shared memory. Then, they should only synchronize with each other using a barrier or a semaphore.

The above consideration leads to the conclusion that iterations assigned to the same SMP node should be more tightly connected to each other, than simply being mapped to neighboring tiles. Maybe they can belong to the same tile, or to an entity inheriting some properties of tiling.

In order to adjust the tile space of Figure 4.1 to this computing architecture, we can split each tile into two subtiles and assign each subtile to one of the CPUs of the corresponding SMP node, as indicated in Figure 4.2. Then, one may schedule tiles as if they were unsplit and take

4.1 An Intuitive Approach 89

care so as to execute subtiles of a tile at the same time.

Figure 4.2: Execution of tiles on SMP nodes with 2 CPUs each.

Each tile of Figure 4.1 is divided into 2 subtiles and each CPU undertakes a subtile during each time step.

Equivalently, the initial iteration space may be tiled from scratch, selecting the size of tiles so as to form six rows of tiles. Then, one row of tiles is assigned to each CPU of the SMP nodes neighboring tiles, assigned to the same SMP node, are grouped together, as in Figure 4.3. Because of tile dependences, the tiles grouped together by this scheme cannot be simultaneously executed, unless they are split into subtiles. Thus, additional synchronization overhead is necessary due to dependences among subtiles, which have been assigned to di¸erent CPUs of the same node, but should be executed during the same time step.

Figure 4.3: Vertical grouping.

Neighboring tiles should be executed at the same time by CPUs of the same node. There are dependences among tiles executed during the same time step.

A more e‹cient scheme can be obtained if the tiles assigned to the same SMP nodes are grouped as indicated in Figure 4.4. Then, both tiles belonging to the same group can be simultaneously executed by the CPUs of an SMP node, without a need for communication or synchronization. Only one synchronization per tile is required, in order to certify that the data needed are located in the shared memory. This synchronization (implemented by a barrier or a semaphore) can be contemporary with the communication with CPUs of di¸erent SMP nodes.

In the rest of this thesis, we shall call this grouping scheme as hyperplane grouping. On the contrary, any other grouping scheme along a speci˛c dimension, such as the one pre-

Figure 4.4: Hyperplane grouping.

There are no dependences among tiles executed during the same time step.

sented in Figure 4.3, will be called vertical grouping. Vertical grouping imposes additional synchronization overhead, due to dependences among tiles of the same group.

4.2 Grouping Transformation

As shown in §4.1, e‹cient scheduling of tiled iteration spaces onto a parallel architecture consisting of SMP nodes, is not a straightforward task. In order to generate an appropriate time schedule, we need to group together the tiles of J^S that can be concurrently executed by the CPUs of the same SMP node. It can be achieved by applying an additional supernode, or tiling transformation to the tile space J^S. We name this supernode transformation as grouping transformation.

Thus, from the tile space J^S we produce the group space

J^G = { ⃗j^G| ⃗j^G = ⌊H^G ⃗j^S⌋, ⃗j^S ∈ J^S} (4.1)

in correspondence to formula (2.4) for tiling. This grouping transformation is de˛ned by the n × n non-singular matrix H^G (similarly to matrix H de˛ning tiling transformation). In correspondence to the tiling matrix H, the n × n matrix H^G is called grouping matrix. Each row-vector of H^G is perpendicular to one of the families of hyperplanes that de˛ne the boundaries of the groups in J^S. The n × n matrix P^G = (H^G)^{−1} is called inverse grouping matrix. The matrix P^G should consist only of integer elements and its column-vectors are parallel and equal in size to the edges of a group-hyperparallelepiped in J^S.

In order to be valid, a grouping transformation should preserve the constraint of atomicity of groups (H^GD^S ≥ 0 in correspondence to HD ≥ 0 for tiling). In addition, since within a group all tiles are concurrently executed by the CPUs of an SMP node, in order to preserve data consistency, there should be no direct or indirect dependence among them. Equivalently,

4.3 Intuition of our algorithm 91

for each dependence vector ⃗d^S_i in the tile space, vector H^G ⃗d^S_i should have at least one element greater than or equal to 1.

4.3 Intuition of our algorithm

Thus, just as tiling transformation is used to summon iteration points into tiles, grouping transformation is applied after tiling transformation, in order to form suitable groups of tiles. A desirable tiling transformation is the one that minimizes communication overhead [Xue97a], [AKN95], [RR02], [RS92], [BDRR94], or total execution time [HCF97], [HCF99], [DDRR97] [XC02]. Respectively, in the following paragraphs, we shall de˛ne the criteria for an e‹cient grouping transformation and we shall propose a theory for determining it.

Let us consider a 3-dimensional tile space J^S. We want to assign all tiles along dimension j^S_1 to the same CPU of an SMP node. Since all CPUs within a node have access to the shared memory, neighboring rows of tiles, which exchange data, are assigned to the CPUs of the same node. In this way, the part of the tile space assigned to a node will be of a rectangular shape, as depicted in Figure 4.5.

Figure 4.5: Set of tiles assigned to an SMP node.

All dots along a grey arrow correspond to tiles, which are assigned to the same CPU of the SMP node. They are executed one after the other, during consecutive time steps.

We seek for an appropriate transformation matrix that will group together the tiles of Figure 4.5, which can be executed simultaneously by di¸erent CPUs. The execution of the portion of the tile space, which has been assigned to an SMP node, resembles the execution of a UET grid, as described in [AKPT99]. According to [AKPT99], the optimal valid linear scheduling vector for an iteration space (or tile space) with unitary dependence vectors (as imposed by §B.5), is (1, 1, 1), when the time required for communication is minimal. In our example, the communication among CPUs of a node recoils to a synchronization. Thus, it may be considered conformal to the UET communication model. So, we shall group together the tiles that belong to the same plane which is perpendicular to the vector (1, 1, 1), as indicated in Figure 4.6.

Figure 4.6: Groups of tiles executed simultaneously in an SMP node. The tiles of the same grey plane belong to the same group and will be executed at the same time by different CPUs of the same node. Subfigures correspond to consecutive time steps.

The column-vectors of the inverse grouping matrix P^G de˛ne a hyper-parallelepiped (in general) that contains the tiles of a group, similar to the way the columns of P de˛ne a tile. Thus, vectors ⃗p^G_2 and ⃗p^G_3 should be parallel to the plane j^S_1 + j^S_2 + j^S_3 = const and, at the same time, they should be parallel to one of the planes de˛ning the bounds of the set allocated to this SMP node. That is, they should be parallel to the planes j^S_3 = 0 and j^S_2 = 0 respectively. Therefore, the appropriate vectors are

⃗pG_2 = λ(−1, 1, 0) and ⃗pG_3 = μ(−1, 0, 1)

(In Figures 4.5-4.7 it holds λ = 4, μ = 2.) In addition, in order to cover exactly the part of the tile space allocated to an SMP node using a series of successive groups, vector ⃗p^G_1 should be constructed parallel to both the planes j^S_2 = 0 and j^S_3 = 0. Therefore, the appropriate vector is

⃗pG_1 = (1, 0, 0)

Thus, the appropriate inverse grouping matrix is

P^G = � � � � 1 −λ −μ 0 λ 0 0 0 μ

� � � �

where λ, μ ∈ N. The maximum number of tiles grouped together will be det(P^G) = λμ and this product must be equal to the number of CPUs inside a node, so as to assign one tile to each CPU during each time step.

Figure 4.7: Constructing the inverse grouping matrix.

Vectors p^G_i should be parallel to the edges of a group-parallelepiped. Their norm should be equal to the length of the corresponding edge.

4.4 Determining P^G according to the number of CPUs within

an SMP node

Consider now the general case: We have an n-dimensional tiled iteration space and an homogeneous cluster of identical SMP nodes, each with m processors inside. Our objective is to assign the tiles of J^S along the ˛rst dimension to the same CPU of an SMP node. The natural number m can be written as m = m_2 ×m_3 ×· · ·×m_n, where m_2, m_3, . . . , m_n ∈ N. The grouping matrices are selected to be

P^G =

� � � � �

1 −m_2 . . . −m_n 0 m_2 . . . 0 . . . . ... . . 0 0 . . . m_n

� � � � � and H^G = (P^G)^{−1} =

� � � � �

1 1 . . . 1 0^1_{m2} . . . 0 . . . . ... . . 0 0 . . .^1_{mn}

� � � � � (4.2)

94 Execution of tiles onto clusters of Symmetric Multiprocessors (SMP nodes)

The maximum number of tiles contained inside a group is det(P^G) = m, exactly equal to the number of CPUs inside each SMP node.

Theorem 4.1 In the algorithmic model, which is summarized in Appendix B, matrix H^G, de-

fined by formula (4.2), defines a legal grouping transformation.

Proof: In order to prove that H^G defines a legal grouping transformation, it suffices to prove that

1. H^GD^S ≥ 0, where D^S is the dependence matrix of the tile space J^S 2. any two tiles ⃗j^S , ⃗j^{S ′} within the same group are independent.

We have assumed (see §2.6.3 and restriction B.5) that the dependence matrix D^S contains only 0’s and 1’s. Consequently, the first condition is apparently valid.

In order to prove the second condition, we assume that the dependence matrix D^S is equal to the unitary matrix. Even if there is a dependence vector with more than one 1’s, it is the sum of more than one unitary dependence vectors. So it will be included in the following proof as an indirect dependence:

If tiles ⃗j^S , ⃗j^{S ′} ∈ J^S belong to the same group ⃗j^G, then it holds that:

⌊H^G ⃗j^S ⌋ = ⌊H^G ⃗j^{S ′}⌋ ⇒

� � � � � j^S_1 + j^S_2 + · · · + j^S_n ⌊^{jS2}_{m2} ⌋ . . ⌊^{jSn}_{mn} ⌋

� � � � � =

� � � � � j^S_1^′ + j^S_2^′ + · · · + j^S_n^′ ⌊^{jS2 ′}_{m2} ⌋ . . ⌊^{jSn ′}_{mn} ⌋

� � � � � ⇒

j^S_1 + j^S_2 + · · · + j^S_{n−1} + j^S_n = j^S_1^′ + j^S_2^′ + · · · + j^S_{n−1}^′ + j^S_n^′

In addition, if there is a direct or an indirect dependence from ⃗j^S to ⃗j^{S ′}, it holds that

⃗j_S ′ = ⃗j_S +^n� i=1 λ_i ⃗d_i,

where λ_i ∈ N and ⃗d_i is a unitary dependence vector. The previous equality can be rewritten as follows: ⃗j^{S ′} = ⃗j^S + ⃗λ, where ⃗λ = (λ_1, . . . , λ_n). Thus,

j^S_i^′ = j^S_i + λ_i, i = 1, . . . , n

Therefore, the equality j^S_1 +j^S_2 +· · ·+j^S_{n−1} +j^S_n = j^S_1^′ +j^S_2^′ +· · ·+j^S_{n−1}^′ +j^S_n^′ can be rewritten as follows:

λ_1 + λ_2 + · · · + λ_n = 0

As λ_1, . . . , λ_n ∈ N, it holds that λ_1 = · · · = λ_n = 0

Consequently, there is no direct or indirect dependence between two tiles belonging to the same group ⃗j^G ∈ J^G and all tiles of a group in J^G can be computed simultaneously by the CPUs of an SMP node. Thus, the above grouping transformation is valid according to our algorithmic model. ⊣

Example 4.1: We a¸ord a cluster of SMP nodes with 2 CPUs and one NIC (Network Interface Card) each. The NICs provide the facility of Direct Memory Access (DMA). Thus, the overlapping execution policy can be implemented. We assume a 2-dimensional rectangular tile space J^S. Let us assign the tiles along dimension j^S_1 to the same CPU, as indicated in Figure 4.8 by the grey arrows. The CPUs of the same SMP node will process two neighboring rows of tiles.

Then, during the time step t=0, CPU 0 of SMP node 0 computes tile (0, 0). During the time step t = 1, CPU 0 of node 0 computes tile (1, 0), while CPU 1 of the same SMP node computes tile (0, 1). Similarly, during the time step t = 2, CPU 0 computes tile (2, 0), while CPU 1 computes tile (1, 1). At the same time, the data computed in tile (0, 1), which are necessary for the computation of tile (0, 2), can be sent to node 1. During the time step t=3, the CPUs of node 0 can continue the execution as above, while the CPUs of node 1 start executing the same routine with the rows of tiles (•, 2) and (•, 3).

Figure 4.8: Example 4.1 - Tile space.

Grey dots correspond to tiles. Tiles along the same grey arrow will be executed by the same CPU during consecutive time steps. The grey rounded rectangles indicate which tiles will be executes by the CPUs of the same SMP node. The ovals indicate tiles that are grouped together and will be executed by different CPUs of the same node, during the same time step. The black arrows indicate dependences between tiles that will be executed in different SMP nodes and, thus, require a data transfer. The labels in the ovals-groups or besides black arrows-dependences indicate during which time step each group will be executed and each data transfer will take place, according to the overlapping execution policy.

In order to construct a time schedule for this example, we group together the tiles that should be concurrently executed by the same SMP node. In particular, we apply grouping to the tile space J^S, as indicated in Figure 4.8 and derive the group space J^G (Figure 4.9). The appropriate grouping matrices, according to formula (4.2), for this case are

P^G = � 1 −2 0 2 � and H^G = (P^G)^{−1} = � 1 1 0^1_2 �

96 Execution of tiles onto clusters of Symmetric Multiprocessors (SMP nodes)

Figure 4.9: Example 4.1 - Group space.

Grey dots correspond to groups arising when applying the selected grouping transformation to the tile space of Figure 4.8. Groups along the same grey arrow will be executed in the same SMP node during consecutive time steps. As in Figure 4.8, the black arrows indicate dependences between groups that will be executed in different SMP nodes and, thus, require a data transfer. The labels besides the dots-groups or black arrows-dependences indicate during which time step each group will be executed and each data transfer will take place, according to the overlapping execution policy.

In this way, tiles (1, 0) and (0, 1) which, as we have already mentioned, are simultaneously executed by the same SMP node, are grouped together in ⃗j^G = ⌊H^G(1, 0)^T ⌋ = ⌊H^G(0, 1)^T ⌋ = (1, 0)^T . Similarly, tiles (2, 0) and (1, 1) are grouped together in ⃗j^G = (2, 0)^T . In Figures 4.8-4.9, the time step, when each group will be computed, is shown, together with the time step, when each data transfer will take place.

Table 4.1: Example 4.1 The columns labelled as “CPU x” indicate which tile will be executed by each CPU of an SMP node during each time step, according to the overlapping execution policy. The columns labelled as “group” indicate the group corresponding to the tiles executed by both CPUs of an SMP node at the same time.

Time node 0 node 1 Step CPU 0 CPU 1 group CPU 0 CPU 1 group 0 ( 0 0 ) ( 0 0 )

1 ( 1 0 ) ( 0 1 ) ( 1 0 )

2 ( 2 0 ) ( 1 1 ) ( 2 0 )

3 ( 3 0 ) ( 2 1 ) ( 3 0 ) ( 0 2 ) ( 2 1 )

4 ( 4 0 ) ( 3 1 ) ( 4 0 ) ( 1 2 ) ( 0 3 ) ( 3 1 )

5 ( 5 0 ) ( 4 1 ) ( 5 0 ) ( 2 2 ) ( 1 3 ) ( 4 1 )

6 ( 6 0 ) ( 5 1 ) ( 6 0 ) ( 3 2 ) ( 2 3 ) ( 5 1 )

In Table 4.1, we indicate the tiles of the tile space J^S that will be executed by each CPU of the ˛rst 2 SMP nodes during a time step and their corresponding group coordinates. It can be easily deduced that a group ⃗j^G = (j^G_1 , j^G_2 ) ∈ J^G will be executed during the time step t( ⃗j^G) = j^G_1 + j^G_2 in the SMP node j^G_2 . Therefore, the linear time scheduling vector for this example is Π^G = (1, 1).

Example 4.2: In case the NICs of our cluster do not support DMA, then Example 4.1 should be modi˛ed as follows: During the time step t=0, CPU 0 of the SMP node 0 computes tile (0, 0). During the time step t = 1, CPU 0 of node 0 computes tile (1, 0), while CPU 1 of the same SMP node computes tile (0, 1). Just when the computation of both tiles is completed, data needed for the computation of tile (2, 0), which have just been computed in node 0 are transferred to node 1. During the time step t = 2, the CPUs of node 0 can continue the execution as above, while the CPUs of node 1 start executing the same routine with the rows of tiles (•, 2) and (•, 3).

Figure 4.10: Example 4.2 - Tile space.

As in Figure 4.8, the labels in the ovals-groups or besides black arrows-dependences indicate during which time step each group will be executed and each data transfer will take place, according to the non-overlapping execution policy.

Figure 4.11: Example 4.2 - Group space.

As in Figure 4.9, the labels besides the dots-groups or black arrows-dependences indicate during which time step each group will be executed and each data transfer will take place, according to the non-overlapping execution policy.

In order to construct a time schedule for this example, as in Example 4.1, we group together the tiles that should be concurrently executed by the same SMP node. In particular, we apply grouping to the tile space J^S, as indicated in Figure 4.10 and derive the group space

98 Execution of tiles onto clusters of Symmetric Multiprocessors (SMP nodes)

J^G (Figure 4.11). The grouping matrices are identical to the ones used in Example 4.1. In Figures 4.10-4.11, the time step, when each group will be computed, is shown, together with the time step, when each data transfer will take place.

Table 4.2: Example 4.2 As in Table 4.1, the columns labelled as “CPU x” indicate which tile will be executed by each CPU of an SMP node during each time step, according to the non-overlapping execution policy. The columns labelled as “group” indicate the group corresponding to the tiles executed by both CPUs of an SMP node at the same time.

Time node 0 node 1 Step CPU 0 CPU 1 group CPU 0 CPU 1 group 0 ( 0 0 ) ( 0 0 )

1 ( 1 0 ) ( 0 1 ) ( 1 0 )

2 ( 2 0 ) ( 1 1 ) ( 2 0 ) ( 0 2 ) ( 2 1 )

3 ( 3 0 ) ( 2 1 ) ( 3 0 ) ( 1 2 ) ( 0 3 ) ( 3 1 )

4 ( 4 0 ) ( 3 1 ) ( 4 0 ) ( 2 2 ) ( 1 3 ) ( 4 1 )

3 ( 5 0 ) ( 4 1 ) ( 5 0 ) ( 3 2 ) ( 2 3 ) ( 5 1 )

In Table 4.2, we indicate the tiles of the tile space J^S that will be executed by each CPU of the ˛rst 2 SMP nodes during a time step and their corresponding group coordinates. It can be easily deduced that a group ⃗j^G = (j^G_1 , j^G_2 ) ∈ J^G will be executed during the time step t( ⃗j^G) = j^G_1 in the SMP node j^G_2 . Therefore, the linear time scheduling vector for this example is Π^G = (1, 0). Thus, we may equivalently schedule tiles, instead of groups, using the linear time scheduling vector Π = (1, 1).

4.4.1 Linear time schedule

Theorem 4.2 When applying the overlapping execution policy, the appropriate linear time

scheduling vector for the group space derived by grouping, as defined in formula (4.2), is Π^G =

(1, 1, . . . , 1).

Proof: Applying the grouping transformation defined by formula (4.2), the 1-st columnvector of the dependence matrix D^S = I is transformed to the vector ⃗d^G_1^′ = H^G ⃗d^S_1 = (1, 0, . . . , 0)^T . In addition, the j-th column-vector of the dependence matrix D^S = I, j = 2, . . . , n, is transformed to the vector

H^G ⃗d^S_j = (1, 0, . . . , 0, 1 m_j

, 0, . . . , 0)^T .

Thus, it imposes group dependences

(1, 0, . . . , 0, ⌊ 1 m_i

⌋, 0, . . . , 0)^T = (1, 0, . . . , 0, 0, 0, . . . , 0)^T and (1, 0, . . . , 0, ⌈ 1 m_j

⌉, 0, . . . , 0)^T = (1, 0, . . . , 0, 1, 0, . . . , 0)^T

Thus, the dependence matrix of the group space can be written as:

D^G =

� � � � � �

1 1 . . . 1 1 0 1 . . . 0 0 . . . . ... . . . . 0 0 . . . 1 0 0 0 . . . 0 1

� � � � � � .

We are searching for an appropriate linear time scheduling vector Π^G = (π^G_1 , . . . , π^G_n ) such that each group ⃗j^G ∈ J^G is computed during the time step t = Π^G ⃗j^G. Consider the last (n − 1) coordinates of a group indicating which SMP node of the cluster will execute this group. Then, groups ⃗j^G = (j^G_1 , . . . , j^G_n ) and ⃗j^{G′} = (j^G_1 + 1, j^G_2 , . . . , j^G_n ) will be successively computed within the same SMP node. There is a dependence between them, as indicated by the first column of D^G, but there is no need for a communication step between their successive computation steps, because the necessary data are already located in the local shared memory of the SMP node. Consequently, their time distance Π^G ⃗j^{G′} − Π^G ⃗j^G = π^G_1 may be equal to 1. Thus, π^G_1 = 1. In addition, the i-th column of D^G (i = 2, . . . n) imposes a dependence between groups ⃗j^G = (j^G_1 , . . . , j^G_n ) and ⃗j^{G′} = (j^G_1 +1, j^G_2 , . . . , j^G_{i−1}, j^G_i +1, j^G_{i+1}, . . . , j^G_n ). These groups are executed in neighboring SMP nodes, thus a communication step is required between their computation steps. It means that their time distance Π^G ⃗j^{G′} −Π^G ⃗j^G = π^G_1 +π^G_i must be equal to 2. Consequently, π^G_i = 1, i = 2, . . . , n. So, the vector Π^G = (1, 1, . . . , 1) is selected for the linear time scheduling of our group space J^G. ⊣

Notice that, in [GSK01], [STK02], for the single CPU pipelined schedule, Π was (1, 2, . . . , 2) according to the UET-UCT theory [AKPT99]. In other words, the optimal overlapping schedule could be achieved when we had equal computation to communication times, so that all communication could be hidden (overlapped) with the computation phase. Nevertheless, in the SMP case presented here, the labeling of coordinates of groups, that is the grouping transformation P^G, slightly skews the space (see Figure 4.8 and the resulting group space in Figure 4.9, the relative positions of groups (3, 0) and (3, 1)). So the optimal overlapping schedule is achieved by (1, 1, . . . , 1). Notice, also, that this scheduling vector is not the same with Hodzic’s [HS98] scheduling vector, since we are now referring to groups, while Hodzic was scheduling tiles.

Theorem 4.3 When applying the non-overlapping execution policy, the appropriate linear time

scheduling vector for the group space derived by grouping, as defined in formula (4.2), is Π^G =

(1, 0, . . . , 0).

100 Execution of tiles onto clusters of Symmetric Multiprocessors (SMP nodes)

Proof: As in the proof of Theorem 4.2, the dependence matrix of the group space is:

D^G =

� � � � � �

1 1 . . . 1 1 0 1 . . . 0 0 . . . . ... . . . . 0 0 . . . 1 0 0 0 . . . 0 1

� � � � � � .

We are searching, again, for an appropriate linear time scheduling vector Π^G = (π^G_1 , . . . , π^G_n ) such that each group ⃗j^G ∈ J^G is computed during the time step t = Π^G ⃗j^G. Consider the last (n−1) coordinates of a group indicating which SMP node of the cluster will execute this group. Then, groups ⃗j^G = (j^G_1 , . . . , j^G_n ) and ⃗j^{G′} = (j^G_1 + 1, j^G_2 , . . . , j^G_n ) will be successively computed within the same SMP node. Consequently, their time distance Π^G ⃗j^{G′} − Π^G ⃗j^G = π^G_1 may be equal to 1. Thus π^G_1 = 1. In addition, the i-th column of D^G (i = 2, . . . n) imposes a dependence between groups ⃗j^G = (j^G_1 , . . . , j^G_n ) and ⃗j^{G′} = (j^G_1 +1, j^G_2 , . . . , j^G_{i−1}, j^G_i +1, j^G_{i+1}, . . . , j^G_n ). These groups are executed in neighboring SMP nodes, thus a data transfer should take place between the respective computations. In contrast to the overlapping execution policy, this data transfer may take place during the time step, when data are computed, just after the completion of computation. Thus, their time distance Π^G ⃗j^{G′} − Π^G ⃗j^G = π^G_1 + π^G_i may be equal to 1. Consequently, π^G_i = 0, i = 2, . . . , n. So, the vector Π^G = (1, 0, . . . , 0) is selected for the linear time scheduling of our group space J^G. ⊣

As in Example 4.2, notice that linear scheduling of groups, using vector Π^G = (1, 0, . . . , 0), is equivalent to linear scheduling of tiles, using vector Π = (1, 1, . . . , 1). Thus, the only reasons for grouping tiles, when an overlapping execution is not possible, or not desired, are

1. comparison with the overlapping execution

2. emphasizing the fact that data originating in the same group, albeit in di¸erent tiles, may be transferred in a single message.

Example 4.3: Consider a rectangular n-dimensional tile space J^S: 0 ≤ j^S_i ≤ u^S_i , i = 1, . . . , n and u^S_1 ≥ u^S_i , i = 2, . . . , n. We apply grouping transformation, according to the formula (4.2). Thus, tile ⃗j^S belongs to group ⃗j^G = (^n � i=1 j^S_i , ⌊^{jS2}_{m2} ⌋, . . . , ⌊^{jSn}_{mn} ⌋)^T .

According to the overlapping execution policy, it will be executed during the time step t( ⃗j^G) =^n � i=1 j^G_i =^n � i=1 j^S_i +^n � i=2 ⌊^{jSi}_{mi} ⌋ (according to the linear time scheduling vector Π^G = (1, 1, . . . , 1)). Group (0, 0, 0) will be executed during the ˛rst time step t_{min} = 0. Group (^n � i=1 u^S_i , ⌊^{uS2}_{m2} ⌋, . . . , ⌊^{uSn}_{mn} ⌋) will be computed during the last time step t_{max} =^n � i=1 u^S_i +^n � i=2 ⌊^{uSi}_{mi} ⌋.

Thus, the number of time steps required for the completion of the execution (makespan), is:

℘_{overlap = 1 + tmax − tmin =}^{n�}_{i=1 u}S_{i +}^{n�}_{i=2⌊}^{uS}i_{mi ⌋ + 1 =}^{n�}_{i=1(w}S_{i − 1) +}^{n�}_{i=2⌊}^{wS}i^{−1}_{mi ⌋ + 1}^{(C.4)}_⇒

℘_{overlap =}^{n�} i=1 w^S_i + n� i=2 ⌈ w^S_i m_i

⌉ − 2n + 2 (4.3)

where w^s_i = u^s_i + 1, i = 1, . . . , n is the width of the tile space along dimension i.

Similarly, following the non-overlapping execution policy, group

⃗jG = (^n� i=1 j^S_i , ⌊ j^S_2 m_2

⌋, . . . , ⌊ j^S_n m_n

⌋)^T

will be executed during the time step t( ⃗j^G) = j^G_1 =^n � i=1 j^S_i (according to the linear time scheduling vector Π^G = (1, 0, . . . , 0)). Group (0, 0, 0) will be executed during the ˛rst time step t_{min} = 0. Group (^n � i=1 u^S_i , ⌊^{uS2}_{m2} ⌋, . . . , ⌊^{uSn}_{mn} ⌋) will be computed during the last time step t_{max} =^n � i=1 u^S_i .

Thus, the number of time steps required for the completion of the execution (makespan), is:

℘_{nonoverlap = 1 + tmax − tmin =}^{n�}_{i=1 u}S_{i + 1 ⇒}

℘_{nonoverlap =}^{n�} i=1 w^S_i − n + 1 (4.4)

4.4.2 Assigning Tiles to CPUs For node labelling reasons, consider that the available SMP nodes form a virtual (n − 1)- dimensional mesh. Thus, each node is identi˛ed by a (n−1)-dimensional vector. Note, however, that it is not a physical layout restriction, but a convention to give each node a unique tag. Then, the last (n − 1) coordinates of a group indicate the SMP into which it will be executed. The ˛rst coordinate a¸ects only the time of its execution. Thus, a tile ⃗j^S = (j^S_1 , . . . , j^S_n ), belonging to group ⃗j^G = (j^G_1 , . . . , j^G_n ), will be executed in node (j^G_2 , . . . , j^G_n ) = (⌊^{jS2}_{m2} ⌋, . . . , ⌊^{jSn}_{mn} ⌋).

Similarly, inside each SMP node we consider a (n − 1)-dimensional CPU virtual mesh containing labels { ⃗cpu ∈ Z^{n−1}|0 ≤ cpu_x < m_{x+1}, 1 ≤ x ≤ n − 1}. Then, a tile ⃗j^S = (j^S_1 , . . . , j^S_n ) will be executed by CPU (j^S_2 %m_2, . . . , j^S_n %m_n) of SMP node (⌊^{jS2}_{m2} ⌋, . . . , ⌊^{jSn}_{mn} ⌋). So, apparently, only tiles with the same coordinate j^S_1 will be assigned to the same CPU of the same node.

In addition, note that, if one of the diagonal elements of the inverse grouping matrix m_x equals to 1, then the corresponding coordinate of the CPU identi˛cation vector can be omitted, as it will always equal 0.

4.4.3 Generalization: Grouping tiles along an arbitrary dimension of J^S

If we want to assign the iterations along the i-th dimension of J^S to the same CPU of an SMP node, then it can be similarly proven that the appropriate grouping matrices are

P^G =

� � � � � � � � � m_1 . . . 0 0 0 . . . 0 . . ... . . . . . . . . 0 . . . m_{i−1} 0 0 . . . 0 −m_1 . . . −m_{i−1} 1 −m_{i+1} . . . −m_n 0 . . . 0 0 m_{i+1} . . . 0 . . . . . . . . ... . . 0 . . . 0 0 0 . . . m_n

� � � � � � � � �

H^G = (P^G)^{−1} =

� � � � � � � � � �

1 m_1 . . . 0 0 0 . . . 0 . . ... . . . . . . . . 0 . . .^1_{mi−1} 0 0 . . . 0

1 . . . 1 1 1 . . . 1 0 . . . 0 0^1_{mi+1} . . . 0 . . . . . . . . ... . . 0 . . . 0 0 0 . . .^1_{mn}

� � � � � � � � � �

(4.5)

where m_1 × · · · × m_{i−1} × m_{i+1} × · · · × m_n = m. As previously, the time scheduling vector is Π^G = (1, . . . , 1) if the overlapping execution policy is followed, or Π^G = (0, . . . , 0, 1, 0, . . . , 0) otherwise. In addition, tile ⃗j^S = (j^S_1 , . . . , j^S_n ) belonging to group ⃗j^G = (j^G_1 , . . . , j^G_n ), will be executed within node (j^G_1 , . . . , j^G_{i−1}, j^G_{i+1}, . . . , j^G_n ) by CPU (j^S_1 %m_1, . . . , j^S_{i−1}%m_{i−1}, j^S_{i+1}%m_{i+1}, . . . , j^S_n %m_n). As previously, if one of the diagonal elements of the inverse grouping matrix m_x = 1, x ≠ i, then the corresponding coordinate of the CPU identi˛cation vector can be omitted.

Example 4.4: We have a cluster of SMP nodes with 2 CPUs and a NIC each. We assume a 3-dimensional rectangular tile space J^S. Let us assign the tiles along dimension j^S_3 to the same CPU, as indicated in Figure 4.12 by the grey arrows. The CPUs of the same SMP node will execute two neighboring rows of tiles, which belong to the same j^S_1 − j^S_3 plane. In respect to the formula (4.5), we choose the grouping matrices to be:

P^G = � � � � 2 0 0 0 1 0 −2 −1 1

� � � � and H^G = (P^G)^{−1} = � � � � 1 2 0 0 0 1 0 1 1 1

� � � � .

Figure 4.12: Example 4.4 - 2 × 1 CPUs per SMP node - Overlapping execution. All tiles along the same grey arrow will be executed by the same CPU during consecutive time steps. The grey areas indicate which tiles will be executes by the CPUs of the same SMP node. The ovals indicate tiles that are grouped together and will be executed by different CPUs of the same node, during the same time step. The black arrows indicate dependences between tiles that will be executed in different SMP nodes and, thus, require a data transfer. The labels in the ovals-groups or besides black arrows-dependences indicate during which time step each group will be executed and each data transfer will take place, according to the overlapping execution policy.

In Figure 4.12 we show the grouping of tiles and when each computation step and each communication step will take place, according to the overlapping execution policy. In Table 4.3, we indicate the tiles of J^S that will be executed by each CPU of the 3 neighboring SMP nodes (0, 1), (0, 0), (1, 0) during each time step. It can be easily deduced that a group (j^G_1 , j^G_2 , j^G_3 ) ∈ J^G will be executed in node (j^G_1 , j^G_2 ) during the time step t( ⃗j^G) = j^G_1 + j^G_2 + j^G_3 . Therefore, as expected, the linear time scheduling vector for this example is Π^G = (1, 1, 1).

Similarly, in Figure 4.13, we show the grouping of tiles and when each computation step and each communication step will be executed, according to the non-overlapping execution policy. In Table 4.4, we indicate the tiles of J^S that will be executed by each CPU of the 3 neighboring SMP nodes (0, 1), (0, 0), (1, 0) during each time step. It can be easily deduced that a group (j^G_1 , j^G_2 , j^G_3 ) ∈ J^G will be executed in node (j^G_1 , j^G_2 ) during the time step t( ⃗j^G) = j^G_3 . Therefore, as expected, the linear time scheduling vector for this example is Π^G = (0, 0, 1).

104 Execution of tiles onto clusters of Symmetric Multiprocessors (SMP nodes)

Table 4.3: Example 4.4 - 2 × 1 CPUs per SMP node - Overlapping execution Time node (0,1) node (0,0) node (1,0) Step CPU 0 CPU 1 group CPU 0 CPU 1 group CPU 0 CPU 1 group 0 0 0 0 0 0 0 1 0 0 1 1 0 0 0 0 1 2 0 1 0 0 1 1 0 0 2 1 0 1 0 0 2 3 0 1 1 1 1 0 0 1 2 0 0 3 1 0 2 0 0 3 2 0 0 1 0 2 4 0 1 2 1 1 1 0 1 3 0 0 4 1 0 3 0 0 4 2 0 1 3 0 0 1 0 3 5 0 1 3 1 1 2 0 1 4 0 0 5 1 0 4 0 0 5 2 0 2 3 0 1 1 0 4

Figure 4.13: Example 4.4 - 2 × 1 CPUs per SMP node - Non-overlapping execution

Example 4.5: We have a cluster of SMP nodes with 4 CPUs and a NIC each. As previously, we assume a 3-dimensional rectangular tile space J^S. Let us assign the tiles along dimension j^S_3 to the same CPU, as indicated in Figure 4.14 by the grey arrows. The CPUs of the same SMP node will undertake 4 neighboring lines of tiles which belong to the same j^S_1 − j^S_3 plane.

According to formula (4.5), we choose the grouping matrices to be

P^G = � � � 4 0 0 0 1 0 −4 −1 1

� � � and H^G = (P^G)^{−1} = � � � 1 4 0 0 0 1 0 1 1 1

� � �

In Figure 4.14 we indicate the grouping of tiles and during which time step each computation

Table 4.4: Example 4.4 - 2 × 1 CPUs per SMP node - Non-overlapping execution Time node (0,1) node (0,0) node (1,0) Step CPU 0 CPU 1 group CPU 0 CPU 1 group CPU 0 CPU 1 group 0 0 0 0 0 0 0 1 0 1 0 0 1 1 0 0 1 1 0 0 0 0 1 2 0 1 1 1 1 0 0 1 2 0 0 2 1 0 1 0 0 2 2 0 0 1 0 2 3 0 1 2 1 1 1 0 1 3 0 0 3 1 0 2 0 0 3 2 0 1 3 0 0 1 0 3 4 0 1 3 1 1 2 0 1 4 0 0 4 1 0 3 0 0 4 2 0 2 3 0 1 1 0 4

step and each communication step will take place, following the overlapping execution policy. In Table 4.5 we indicate which tiles of the tile space J^S will be executed by each CPU of the ˛rst 3 SMP nodes of our cluster during a time step. In addition, we indicate which is the corresponding group of J^G. It can be easily deduced from Table 4.5 that a group (j^G_1 , j^G_2 , j^G_3 ) ∈ J^G will be executed in the SMP node (j^G_1 , j^G_2 ) during the time step t( ⃗j^G) = j^G_1 + j^G_2 + j^G_3 . Therefore, the linear time scheduling vector for this example is Π^G = (1, 1, 1).

Similarly, in Figure 4.15 we indicate the grouping of tiles and during which time step each computation step and each communication step will take place, following the non-overlapping execution policy. In Table 4.6 we indicate which tiles of the tile space J^S will be executed by each CPU of the ˛rst 3 SMP nodes of our cluster during a time step. In addition, we indicate which is the corresponding group of J^G. It can be easily deduced from Table 4.6 that a group (j^G_1 , j^G_2 , j^G_3 ) ∈ J^G will be executed in the SMP node (j^G_1 , j^G_2 ) during the time step t( ⃗j^G) = j^G_3 = j^S_1 + j^S_2 + j^S_3 . Therefore, the linear time scheduling vector for this example is Π^G = (0, 0, 1).

Example 4.6: We have a cluster of SMP nodes with 4 CPUs and a NIC each. As previously, we assume a 3-dimensional rectangular tile space J^S. The CPUs of the same SMP node undertake 4 neighboring lines of tiles whose projection on the j^S_1 − j^S_2 plane forms a square. Thus,

Figure 4.14: Example 4.5 - 4 × 1 CPUs per SMP node - Overlapping execution. As in Figure 4.12, the labels in the ovals-groups or besides black arrows-dependences indicate during which time step each group will be executed and each data transfer will take place, according to the overlapping execution policy.

according to formula (4.5), the grouping matrices are

P^G = � � � 2 0 0 0 2 0 −2 −2 1

� � � and H^G = (P^G)^{−1} = � � � 1 2 0 0 0^1_2 0 1 1 1

� � �

In Figure 4.16, we indicate which tiles of J^S will be undertaken by each SMP node. In Figure 4.17, we have zoomed to the part of J^S assigned to an SMP node and we indicate which tiles of this part will be executed simultaneously by di¸erent CPUs. These tiles belong to the same grey plane. In Table 4.7 we indicate which tiles of the tile space J^S will be executed by each CPU of the ˛rst 3 SMP nodes of our cluster during a time step, following the overlapping execution policy. In addition, we indicate which is the corresponding group of J^G. As in Examples 4.4 and 4.5, it can be deduced that a group (j^G_1 , j^G_2 , j^G_3 ) ∈ J^G will be executed in SMP node (j^G_1 , j^G_2 ) during the time step t( ⃗j^G) = j^G_1 + j^G_2 + j^G_3 . Therefore, the linear time scheduling vector for this example is Π^G = (1, 1, 1).

Similarly, in Table 4.8 we indicate which tiles of the tile space J^S will be executed by each CPU of the ˛rst 3 SMP nodes of our cluster during a time step, following the non-overlapping

4.4 Determining P^G according to the number of CPUs within an SMP node 107

Table 4.5: Example 4.5 - 4 × 1 CPUs per SMP node - Overlapping execution. Since CPUs inside an SMP node form a 4 × 1 mesh, we have omitted the second dimension when labelling CPUs. It would be always equal to 0, as explained in page 102.

Time node (0,0) Step CPU 0 CPU 1 CPU 2 CPU 3 group 0 0 0 0 0 0 0 1 0 0 1 1 0 0 0 0 1 2 0 0 2 1 0 1 2 0 0 0 0 2 3 0 0 3 1 0 2 2 0 1 3 0 0 0 0 3 4 0 0 4 1 0 3 2 0 2 3 0 1 0 0 4 5 0 0 5 1 0 4 2 0 3 3 0 2 0 0 5 Time node (0,1) Step CPU 0 CPU 1 CPU 2 CPU 3 group 2 0 1 0 0 1 1 3 0 1 1 1 1 0 0 1 2 4 0 1 2 1 1 1 2 1 0 0 1 3 5 0 1 3 1 1 2 2 1 1 3 1 0 0 1 4 Time node (1,0) Step CPU 0 CPU 1 CPU 2 CPU 3 group 5 4 0 0 1 0 4

execution policy. Once again, it can be deduced that a group (j^G_1 , j^G_2 , j^G_3 ) ∈ J^G will be executed

in SMP node (j^G_1 , j^G_2 ) during the time step t( ⃗j^G) = j^G_3 = j^S_1 + j^S_2 + j^S_3 . Therefore, the linear

time scheduling vector for this example is Π^G = (0, 0, 1).

Figure 4.15: Example 4.5 - 4 × 1 CPUs per SMP node - Non-overlapping execution

4.4.4 Optimal selection of m_ks

Considering the minimization of the makespan

Let us consider (as in Example 4.3) a rectangular tile space J^S: ∀j^S ∈ J^S it holds 0 ≤ j^S_i ≤ u^S_i , 0 ≤ i ≤ n. We apply grouping transformation, according to formula (4.5). Similarly to formula (4.3), it can be proven that the makespan of the execution will be

℘_{overlap =}^{n�} k=1 w^S_k + � k≠i ⌈ w^S_k m_k

⌉ − 2n + 2 (4.6)

where w^s_i = u^s_i + 1, i = 1, . . . , n is the width of the tile space along dimension i.

In order to minimize the total completion time, we should apparently choose the i-th dimension, along which we allocate the tiles to the same CPU, so that it holds w^S_i ≥ w^S_k , ∀k = 1, . . . , n, as w^S_i is the only dimension of J^S which is involved in (4.6) only once.

After the selection of the i-th dimension, the ceiling functions involved in the expression (4.6) can be eliminated as follows: n� k=1 w^S_k + � k≠i

w^S_k m_k

− 2n + 2 ≤ ℘_{overlap} < n� k=1 w^S_k + � k≠i

w^S_k m_k

− n + 1

Thus, we can assert that the completion time of the algorithm is approximately minimum when

4.4 Determining P^G according to the number of CPUs within an SMP node 109

Table 4.6: Example 4.5 - 4 × 1 CPUs per SMP node - Non-overlapping execution Time node (0,0) Step CPU 0 CPU 1 CPU 2 CPU 3 group 0 0 0 0 0 0 0 1 0 0 1 1 0 0 0 0 1 2 0 0 2 1 0 1 2 0 0 0 0 2 3 0 0 3 1 0 2 2 0 1 3 0 0 0 0 3 4 0 0 4 1 0 3 2 0 2 3 0 1 0 0 4 5 0 0 5 1 0 4 2 0 3 3 0 2 0 0 5 Time node (0,1) Step CPU 0 CPU 1 CPU 2 CPU 3 group 1 0 1 0 0 1 1 2 0 1 1 1 1 0 0 1 2 3 0 1 2 1 1 1 2 1 0 0 1 3 4 0 1 3 1 1 2 2 1 1 3 1 0 0 1 4 Time node (1,0) Step CPU 0 CPU 1 CPU 2 CPU 3 group 4 4 0 0 1 0 4

the expression � k≠i w^S_k m_k is minimized. According to Lemma C.3, this condition is valid when

m_k = w^S_k � m w^S_1 . . . w^S_{i−1}w^S_{i+1} . . . w^S_n

� 1_{n−1}

, k = 1, . . . , n, k ≠ i (4.7)

Of course, it is not always feasible because the numbers m_i should be natural. But it always

applies an approximate criterion for the selection of parameters m_k. Intuitively, it means that

parameters m_k should be chosen so that ratios^{wSk}_{mk} are as close to each other as possible.

Example 4.7: Let us consider a cluster of SMP nodes with m = 4 CPUs each and a 3-

dimensional space J^S with size 20 × 100 × 20. It means that w^S_1 = 20, w^S_2 = 100, w^S_3 = 20.

Figure 4.16: Example 4.6 - 2 × 2 CPUs per SMP node.

Neighboring tiles depicted using dots of the same color are assigned to the same SMP node.

Then, according to our previous analysis, the best choice will be: i = 2, m_1 = 20

�_4

20×20

� 1_2 = 2, m_3 =^m_{m1} = 2. If we apply these values in expression (4.6), we get that the number of steps required for the completion of the execution will be ℘_{overlap} = 156. In contrast, if we chose m_1 = 4, m_3 = 1, then the expression (4.6) would get the value ℘_{overlap} = 161 > 156.

If the size of J^S is 20 × 120 × 150 (w^S_1 = 20, w^S_2 = 120, w^S_3 = 150), then, according to our previous analysis, the best choice will be: i = 3, m_1 = 20

�_4

20×120

� 1_2 = 0.816. The closest natural number which divides m = 4 is m_1 = 1. Thus m_2 =^m_{m1} = 4. If we apply these values in the expression (4.6), we get that the number of steps required for the completion of the execution will be ℘_{overlap} = 336. In contrast, if we chose m_1 = m_2 = 2, then the expression (4.6) would get the value ℘_{overlap} = 356 > 336.

When the non-overlapping execution policy is followed, as deduced from formula (4.4), the

Figure 4.17: Example 4.6 - 2 × 2 CPUs per SMP node.

Each sub-figure depicts the tiles assigned to an SMP node. Tiles across a grey plane, are executed simultaneously by different CPUs of the SMP node.

selection of parameters m_k does no matter for the computation of the makespan.

Considering the minimization of the communication overhead

As one can easily observe in Example 4.7, when the overlapping execution policy is followed, the signi˛cance of the selection of parameters m_k, as it has just been described, is less when the maximum dimension w^S_i is much longer than dimensions w^S_1 , . . . , w^S_{i−1}, w^S_{i+1}, . . . , w^S_n . So, it may be preferable to choose the values of parameters m_k taking into consideration the minimization of the communication requirements among the SMP nodes. This need is apparent when communication is not overlapped with computations. In that case, the less the communication load is, the faster the execution is completed.

Figure 4.18: Communication load of a tile.

Communication load along dimension x is defined to be the number of dependence vectors, which cross the respective tile boundary line (or, generally, for n dimensions, hyperplane).

112 Execution of tiles onto clusters of Symmetric Multiprocessors (SMP nodes)

Table 4.7: Example 4.6 - 2 × 2 CPUs per SMP node - Overlapping execution Unlike Examples 4.4 and 4.5, in this example we should label CPUs of an SMP node using both dimensions of the 2 × 2 virtual mesh.

Time node (0,0) Step CPU (0,0) CPU (0,1) CPU (1,0) CPU (1,1) group 0 0 0 0 0 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 2 0 0 2 0 1 1 1 0 1 1 1 0 0 0 2 3 0 0 3 0 1 2 1 0 2 1 1 1 0 0 3 4 0 0 4 0 1 3 1 0 3 1 1 2 0 0 4 5 0 0 5 0 1 4 1 0 4 1 1 3 0 0 5 Time node (0,1) Step CPU (0,0) CPU (0,1) CPU (1,0) CPU (1,1) group 3 0 2 0 0 1 2 4 0 2 1 0 3 0 1 2 0 0 1 3 5 0 2 2 0 3 1 1 2 1 1 3 0 0 1 4 Time node (1,0) Step CPU (0,0) CPU (0,1) CPU (1,0) CPU (1,1) group 3 2 0 0 1 0 2 4 2 0 1 2 1 0 3 0 0 1 0 3 5 2 0 2 2 1 1 3 0 1 3 1 0 1 0 4

Let us represent with l_k the communication load of a tile along the k-th dimension, as

indicated in Figure 4.18. If we group together m_1m_2 tiles, then the communication loads among

the SMP nodes will be l_1m_2 =^m_{m1} l_1 and l_2m_1 =^m_{m2} l_2, as indicated in Figure 4.19. Similarly,

if we group together m_1 · · · m_{i−1}m_{i+1} · · · m_n tiles, then the communication loads among the

nodes of the cluster will be^m_{mk} l_k. Thus the total communication load of a group will be l_{total} = m �_{l1}

m_1 + · · · + l_{i−1} m_{i−1} + l_{i+1} m_{i+1} + · · · + l_n m_n � . According to Lemma C.3, it is minimized when m_k =

l_k

�_m

l_1···l_{i−1}l_{i+1}···l_n

� 1_{n−1} , k = 1, . . . , n, k ≠ i. Of course, as numbers m_k should be natural, this

criterion is also approximative.

4.4 Determining P^G according to the number of CPUs within an SMP node 113

Table 4.8: Example 4.6 - 2 × 2 CPUs per SMP node - Non-overlapping execution Time node (0,0) Step CPU (0,0) CPU (0,1) CPU (1,0) CPU (1,1) group 0 0 0 0 0 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 2 0 0 2 0 1 1 1 0 1 1 1 0 0 0 2 3 0 0 3 0 1 2 1 0 2 1 1 1 0 0 3 4 0 0 4 0 1 3 1 0 3 1 1 2 0 0 4 5 0 0 5 0 1 4 1 0 4 1 1 3 0 0 5 Time node (0,1) Step CPU (0,0) CPU (0,1) CPU (1,0) CPU (1,1) group 2 0 2 0 0 1 2 3 0 2 1 0 3 0 1 2 0 0 1 3 4 0 2 2 0 3 1 1 2 1 1 3 0 0 1 4 Time node (1,0) Step CPU (0,0) CPU (0,1) CPU (1,0) CPU (1,1) group 2 2 0 0 1 0 2 3 2 0 1 2 1 0 3 0 0 1 0 3 4 2 0 2 2 1 1 3 0 1 3 1 0 1 0 4

In the rest of this chapter, we shall theoretically and experimentally compare the proposed

methods with each other. Although our above theoretical results can be applied to any convex

tile space, as explained in §2.2, we shall go on using only rectangular tile spaces, as in our

previous examples. We consider that this simpli˛cation is convenient for clearly expressing

some ideas and it does not constrain any of the advantages or disadvantages of the proposed

methods.

Figure 4.19: Communication load of a group.

Communication load along dimension x is defined to be the product of the communication load of a tile along dimension x, and the number of tiles, which touch the respective group boundary line (or, generally, for n dimensions, hyperplane).

4.5 Theoretical Comparison

In this section we shall compare vertical grouping, which is indicated in Figure 4.3, with the proposed scheme of hyperplane grouping, which is shown in Figures 4.4 and 4.8, in the case of a 2-dimensional algorithm and a cluster of SMPs with 2 CPUs each.

Figure 4.20: In order to execute at the same time tiles grouped together by a vertical grouping scheme, we should further divide them into sub-tiles and execute some of them in parallel, according to an intra-tile hyperplane scheduling.

As we have already mentioned, vertical grouping cannot exploit the computational power of both CPUs of our SMPs unless we split each tile into smaller subtiles and compute some of them in parallel, as shown in Figure 4.20. Let us assume that a CPU needs time α for the computation of a tile with dimensions x, y (Figure 4.20a). Consequently, it will need time^α_N for the computation of a respective subtile with dimensions^x_N , y (Figure 4.20c). The subtiles which are created can be computed by 2 CPUs in N + 1 computational steps, interleaved with N synchronization steps, following an optimal linear time schedule (1, 1) as in Figure 4.20c. If the average time consumed for the synchronization of 2 CPUs of an SMP node is t_{synch in}, then

4.5 Theoretical Comparison 115

the total time required for the computation of a pair of initial tiles is

β = α

N + 1 N + Nt_{synch in}. (4.8)

β is minimized when

N = � α t_{synch in}

. (4.9)

Therefore, the minimum value of β is β_{min} = α + 2 � αt_{synch in} > α.

If we consider an iteration space of size X × Y , tiled with rectangular tiles of size xy, (for example in Figures 4.3, 4.4 we have^X_x = 10,^Y_y = 6), then we have the following options:

1. Following the non-overlapping scheme (which can be implemented using blocking calls) in combination with vertical grouping, the number of time steps required for the completion of the execution is ℘ =^X_x +^Y_{2y} − 1. The minimum duration of a time step (according to formula (2.10)) is β_{min} +t_{comm}, where t_{comm} is the time required for the communication between two SMP nodes. Thus, the total time required is

T_{blocking,vertical} = ℘(β_{min} + t_{comm}) ≃ ( X x + Y 2y )(β_{min} + t_{comm})

2. Following the overlapping scheme (which can be implemented using non-blocking calls) in combination with vertical grouping, the number of time steps required for the completion of the execution is ℘=^X_x +^Y_y − 2. According to formula (2.11), if we set t_{comp} = β_{min}, the minimum duration of a time step is t_{start dma} + max(β_{min}, t_{comm dma}) + t_{synchro}. Thus, the total time required is

T_{non−blocking,vertical} = ℘(t_{start dma} + max(β_{min}, t_{comm dma}) + t_{synchro}) ≃ ≃ (^X_x +^Y_y )(t_{start dma} + max(β_{min}, t_{comm dma}) + t_{synchro})

If β_{min} ≥ t_{comm dma}, then

T_{non−blocking,vertical} ≃ ( X x + Y y )(t_{start dma} + β_{min} + t_{synchro})

3. Following the overlapping scheme in combination with hyperplane grouping, the number of time steps required for the completion of the execution is ℘=^X_x +^{3Y}_{2y} − 2. According to formula (2.11), if we set t_{comp} = α, the minimum duration of a time step is t_{start dma} + max(α, t_{comm dma}) + t_{synchro}. Thus, the total time required is

T_{non−blocking,hyperplane} = ℘(t_{start dma} + max(α, t_{comm dma}) + t_{synchro}) ≃ ≃ (^X_x +^{3Y}_{2y} )(t_{start dma} + max(α, t_{comm dma}) + t_{synchro})

If α ≥ t_{comm dma}, then

T_{non−blocking,hyperplane} ≃ ( X x + 3Y 2y )(t_{start dma} + α + t_{synchro})

In most real problems it holds that^{Y/y}_{X/x} = λ ≪ 1. Therefore, in case that β_{min} ≥ t_{comm}, the overlapping scheme in combination with vertical grouping is more e‹cient than the non-overlapping scheme, when t_{comm dma} > (t_{start dma} + β_{min} + t_{synchro}) Y 2y X x +^Y_{2y} ⇔ tcomm > λ 2 (t_{start dma} + β_{min} + t_{synchro}). In addition, the overlapping scheme, in combination with hyperplane grouping, is more e‹cient than the overlapping scheme, in combination with vertical grouping, when (^X_x +^{3Y}_{2y} )(t_{start dma} +α+t_{synchro}) < (^X_x +^Y_y )(t_{start dma} +α+2 � αt_{synch in} +t_{synchro}). If we consider t_{start dma} + t_{synchro} ≪ α, then, we get 2

�_{tsynch in} α >^{λ/2}_{1+λ} ≃^λ_2 ⇒ t_{synch in} > α

�_λ 4 �_2 . This is due to the fact that, using vertical grouping, the pipeline ˛lling is faster, while, using hyperplane grouping, the pipeline throughput is faster. So, hyperplane grouping is preferable when the mapping dimension of the tile space is long enough in comparison to the rest dimensions. However, in any case, the hyperplane grouping has the advantage that it needs no extra tiling inside each tile in order to exploit the computational force of the CPUs.

Consequently, which communication and grouping policy is optimal, depends on the hardware characteristics. One should estimate the time parameters involved in the model (computation, transfer initialization overhead, actual transfer overhead) and determine which scheme is going to give the peak performance. In general, the purpose of the overlapping scheme, in combination with hyperplane grouping, is exploiting all modern architectural characteristics of NICs, such as DMA, RDMA, Zero Copy, or even NICs with embedded processors. Thus, this scheme will be optimal when these characteristics are actually available.

4.6 Experimental Veri˛cation

4.6.1 Experimental platform and algorithm In [STK02], the pipelined schedule proposed in [GSK01] was applied, using a cluster of single CPU nodes with PCI-SCI NICs. In this thesis, as in [AST^+05], [ASTK02a], [ASTK02b], in order to evaluate the proposed methods, we ran our experiments on a Linux SMP cluster with 8 identical nodes. Each node had 128MB of RAM and 2 Pentium III 800 MHz CPUs. The cluster nodes were interconnected with an SCI ring, using SCI Dolphin’s PCI-SCI D330 cards. SCI

NICs support shared memory programming, either through PIO (Programmed-IO) messaging, or through DMA. We are using their kernel-level DMA support for messaging. Invoking kernel system calls, causes extra CPU cycles overhead. However, we can avoid extra copying from user space to kernel space (physical memory) when using DMA. We allocate user level pages, which correspond to physically contiguous pre-reserved memory regions, for DMA communications.

Our test application was the following code:

for(i=1; i¡=X; i++) for(j=1; j¡=Y; j++) for(k=1; k¡=Z; k++) A[i][j][k]=func(A[i-1][j][k],A[i][j-1][k],A[i][j][k-1]);

where A is an array of X × Y × Z ‚oats and X = Y << Z. Without lack of generality, we select as a tile a rectangle with ij, ik and jk sides. The dimension k is the largest one, so all tiles along k-axis are mapped onto the same processor, as proposed in §4.4.4. Each tile has i, j dimensions equal to x and the tile’s \height" along k-axis equal to z. There are^X_x tiles along dimensions i and j and^Z_z tiles along dimension k. Tile’s volume is equal to g = x^2z, and since the number of available processors is initially known, the only unknown parameter is z.

We applied both vertical and hyperplane grouping, using both blocking and non-blocking communication primitives. Since both vertical and hyperplane grouping can be combined with both overlapping and non-overlapping communication, we experimented with all four combinations. For each exemplary iteration space and each possible tile height, we calculated the total execution time for the above schemes. In order to implement these schemes, we used Linux POSIX threads with semaphores for the synchronization among the processors of an SMP node and the SISCI driver and libraries for the communication among the SMP nodes.

4.6.2 Tuning Parameters First of all, as far as the implementation of vertical grouping is concerned, we experimentally veri˛ed formula (4.9), in order to calculate the optimal execution time for a couple of tiles by an SMP node. We assigned the computation of two tiles to the two processors of an SMP node and measured their execution time in respect to the number of subtiles into which each tile was cut, in order not to violate the iteration dependences. The experimental results, along with the theoretically expected curve, are plotted in Figure 4.21. The theoretical plot was calculated using the formula (4.8) with α ≃ 69msec and t_{synch in} ≃ 11μsec. These values were experimentally measured by running a simple code fragment thousands of times and calculating the average execution time. If we ˛nd the N_{best,theoretical}, that is the point N where the theoretical minimum is achieved and for this N we ˛nd the corresponding experimental overall time, then the di¸erence between this value and the experimental minimum is less than 0, 15%. This is clearly shown in Figure 4.22, which has zoomed in the minimum of the diagram of Figure 4.21. So we can safely use N_{best,theoretical} as N_{best}.

This can be simply justi˛ed as follows: If we consider a shift δN of N, then the shift of β will be δβ = −α^{δN}_{N(N+δN)} + t_{synch in}δN. If, in this formula, we set N = N_{best,theoretical} we

get that:^{δβ}_{βmin} =^( δN Nbest,theoretical ) 2 1+^{δN}

Nbest,theoretical 1 2+ √_α

tsynch in

. Therefore, the less the parameter t_{synch in} is in comparison to α, the less important the exact selection of N is. Intuitively, in the extreme case, where t_{synch in} is 0, we could always achieve the same results, no matter how ˛ne grained the parallelism is (i.e. for very large N’s). However, t_{synch in} is always considerable and cannot be ignored for real life SMP architectures.

Figure 4.21: Vertical grouping - Tile execution time in respect to the number of slices a tile is cut

Figure 4.22: Vertical grouping - Zoom in the minimum area of the plot of Figure 4.21

4.6.3 Experimental Results Once vertical grouping had been implemented and approximated with a theoretical formula, we implemented both blocking and non-blocking communication schemes. As far as the blocking

4.6 Experimental Verification 119

Table 4.9: Implementation of the non-overlapping scheme

Thread 0: Thread 1:

foreach group assigned to node(i,j) do{ foreach group assigned to node(i,j) do{ receive from node(i-1,j) receive from node(i,j-1) receive from node(i,j-1) compute tile(i,j,k,CPU0) compute tile(i,j,k,CPU1) send to node(i+1,j) send to node(i,j+1) send to node(i,j+1) semaphore post(sem s1) semaphore post(sem s2) semaphore wait(sem s2) semaphore wait(sem s1) } } Table 4.10: Implementation of the overlapping scheme

Thread 0: Thread 1: Explanation foreach group assigned to node(i,j) do{ foreach group assigned to node(i,j) do{

trigger interrupt to node(i-1,j) Inform “previous” nodes: trigger interrupt to node(i,j-1) trigger interrupt to node(i,j-1) “I am ready to accept data” wait interrupt from node(i+1,j) Wait until “next” nodes wait interrupt from node(i,j+1) wait interrupt from node(i,j+1) are ready to accept data send dma(node(i+1,j),data) Initialization of DMA transfer send dma(node(i,j+1),data) send dma(node(i,j+1),data) to neighboring nodes compute tile(i,j,k,CPU0) compute tile(i,j,k,CPU1) wait dma() Wait for DMA to complete wait dma() wait dma() trigger interrupt to node(i+1,j) Inform “next” nodes:

trigger interrupt to node(i,j+1) trigger interrupt to node(i,j+1) “Your data has arrived” wait interrupt from node(i-1,j) Wait until “previous” nodes wait interrupt from node(i,j-1) wait interrupt from node(i,j-1) have finished sending data semaphore post(sem s1) semaphore post(sem s2) semaphore wait(sem s2) semaphore wait(sem s1)

Implementation of a barrier } } Table 4.11: Implementation of the vertical vs. hyperplane grouping

Vertical grouping compute tile(i,j,k,CPU0): compute tile(i,j,k,CPU1): foreach subtile of this tile do{ foreach subtile of this tile do{ compute each iteration of this subtile semaphore post(sem1) semaphore post(sem2) semaphore wait(sem2) semaphore wait(sem1) compute each iteration of this subtile } } Hyperplane grouping compute tile(i,j,k,CPU0): compute tile(i,j,k,CPU1): compute each iteration of this tile compute each iteration of this tile

communication scheme is concerned, it was implemented using the pseudo-code of Table 4.9. On the other hand, the non-blocking scheme was implemented using the pseudo-code of Table 4.10. Notice that during each time step every SMP node in the ij plane with coordinates (i, j) receives from neighboring nodes (i − 1, j) and (i, j − 1), computes and sends to nodes (i + 1, j),(i, j + 1) (Figure 4.23). Since the send dma() call is not blocking, the computation of the tiles will be performed concurrently with the transferring of data among the SMP nodes. After the execution of wait dma(), it is assured that both computation and communication are already completed.

The implementation of vertical and hyperplane grouping was achieved by a proper procedure compute tile(i, j, k, CPUx). In order to implement vertical grouping, we used the pseudocode of Table 4.11. The number of subtiles inside a tile was selected according to formula (4.9). Notice that, the implementation of hyperplane grouping was much simpler, as shown in

Table 4.11.

Figure 4.23: Directions and source/destination nodes of message exchanges for an SMP node with 2 CPUs

Figure 4.24: Experimental Results: 16 × 16 × 1024k iteration space

The problem was solved using various values of X = Y and Z. For each schedule, we are interested in the overall minimum execution time achieved at an optimally selected tile height (see [GSK01], [STK02], [HS98]). The experimental results, shown in Figures 4.24-4.28, illustrate that, in every case, non-blocking communication is preferable to blocking communication and hyperplane grouping is preferable to vertical grouping. The lowest minimum is clearly achieved when using hyperplane grouping, in combination with non-blocking communication, in all cases. As far as hyperplane grouping, in combination with non-blocking communication, is concerned, according to our scheduling theory (formula (4.6)), the number of time steps required for the completion of an experiment is ℘(x, y, z) =^{3X}_{2x} +^{2Y}_y +^Z_z − 4. The minimum duration of a time step, as mentioned in §4.5, is (t_{start dma} + t_{comp} + t_{synchro}). Thus, T_{non−blocking,hyperplane} = (^{3X}_{2x} +^{2Y}_y +^Z_z −4)(t_{start dma} +t_{comp} +t_{synchro}). This formula was used to produce the theoretical curves of Figures 4.24-4.26 with values t_{start dma} + t_{synchro} = 100μsec and t_{comp} = x^2zt_{comp1}, where t_{comp1} is the execution time of a single iteration and it was measured equal to 39, 6nsec.

One can easily verify from Figures 4.24-4.28 that the graphs of the theoretical model are very close to the corresponding experimental graphs, not only at the desired minimum, but along the whole graph. Thus, the theoretical model of scheduling is strongly veri˛ed by the experimental

Figure 4.25: Experimental Results: 24 × 24 × 1024k iteration space

Figure 4.26: Experimental Results: 32 × 32 × 1024k iteration space

results.

4.6.4 Scalability Issues The theoretical model presented in this chapter is general enough, so as not to be di¸erentiated when scaling up the underlying hardware architecture. However, in this section, we shall examine some practical problems, which may rise.

For example, if we add more SMP nodes, the initial iteration space may be cut into smaller tiles. Thus, the computation to communication ratio of each tile^{tcomp}_{tcomm dma} may reduce because of two reasons:

1. Less computations are assigned to each SMP node, while the amount of data transfer required is not proportionally reduced.

2. If the network is saturated (by more SMP nodes trying to send more data in more messages

Figure 4.27: Experimental Results: 32 × 32 × 512 iteration space

Figure 4.28: Experimental Results: 48 × 48 × 512 iteration space

to each other), the increase in t_{comm dma} will be more than relative to the increase in the volume of data transmitted.

However, considering an application with uniform dependences, as described in the algorithmic model in §2.2, and a torus interconnection topology, such as the one used for our experiments, the network will be never saturated due to the increase of SMP nodes. This is because each node need to communicate only with its neighbors, thus there are no shared resources among di¸erent communication channels. Thus, only the ˛rst reason mentioned above can potentially cause some trouble when adding more SMP nodes. But, if it still holds t_{comp} ≥ t_{comm dma}, nothing will change in the implementation of our model. In the opposite case (t_{comp} < t_{comm dma}), the use of even more nodes will not be e‹cient. This problem will not concern our scheduling, but it will mean that the communication architecture is too slow to exploit all the computation power of the computing system. Then, it would be better not to use all the nodes available, as implied in [HS98]. However, regarding the speed and e‹ciency of modern interconnection networks, like the SCI based interconnect, or the Myrinet interconnect used for the experimentation of this thesis, it is not possible to encounter such a situation, especially when computing large iteration spaces of real problems.

If we add more CPUs inside each SMP node, we may again cut the initial iteration space into smaller tiles. The computation to communication ratio of each tile^{tcomp}_{tcomm dma} will be decreased again, but only for one reason: Less computations are assigned to each CPU. In particular,

t_{comp} t_{comm dma} will be conversely proportional to the number of CPUs inside each SMP node. In this

case, no more data need to be sent through the interconnection network, since the additional CPUs communicate with each other and with the preexisting CPUs through the shared memory of the SMP node. However, t_{synchro} and t_{start dma} will slightly increase, because, ˛rst, more CPUs need to initialize their DMA sends and receives and, second, these operations can not be executed at the same time by di¸erent threads of the same node (no thread-safe environment { see the implementation code of Table 4.10). This problem can be solved by assigning all communication overhead to one thread only and at the same time reducing the computation overhead of this thread. Following that technique, CPUs do not remain idle waiting to synchronize with each other, since the amount of computations assigned to the communicating thread may be properly calculated, so as the total communication+computation overhead to be evenly distributed among the CPUs of each node. The exact solution of this problem concerns the research conducted by Nikolaos Drosinos in Computing Systems Laboratory.

Another aspect of scalability (concerning the scheduling algorithm, not the hardware) is having so large iteration spaces that we cannot cut them into so few tiles. That is, applying a tile selection technique, such as the ones presented in [BDRR94], [Xue97a], [Xue00], [RR04], [KRC99], [LRW91], [WL91a], [PHP03], [MHCF98], we may get more rows of tiles than the CPUs available. Then we should apply a more complicated technique for assigning tiles to SMP nodes and CPUs as described in [AKK04] and in Chapter 5 of this thesis.

124 Execution of tiles onto clusters of Symmetric Multiprocessors (SMP nodes)

5 Scheduling onto a fixed number of homogeneous SMP nodes

In this chapter, we assume that the number of SMP nodes of the available cluster may be less than the number of SMP nodes needed for the application of a time scheduling produced by the techniques proposed in Chapter 4. Thus, we need to allocate more than one of the tasks produced to each CPU. Which of them will be assigned to the same CPU? This chapter answers the above question by proposing five alternative schedules. Each one seems to be preferable for a specific form of tile spaces or for a set of architectural characteristics.

5.1 Introduction

The schedule proposed in Chapter 4 assumes the availability of an unlimited number of SMP nodes or that the tile size has been selected so as the SMP nodes required do not exceed the available SMP nodes. However, it cannot be always true, since the tile size is often selected so as to minimize communication load [BDRR94], [Xue97a], [Xue00], [RR04], or to achieve locality in memory data references [KRC99], [LRW91], [WL91a], [PHP03], [MHCF98]. In [AKPT00] Andronikos et al. have proposed an assignment scheme onto a ˛xed number of nodes. It might be generalized, for assigning tiles onto a ˛xed number of nodes, however the complexity of evaluating which tiles should be assigned to which node is too high. Such an allocation scheme may be optimal, but it will be impractical if we want to incorporate it into an automatic code generation tool [GDAK02a]. On the other hand, automatic code generation without taking care of processor allocation and scheduling has certain drawbacks:

1. A lot of precesses are generated, which are not actually needed, since they may outnumber the processors available. As a result, the processes generation time may unnecessarily be comparable to the processes execution time, as we found out during our experimentation in [GDAK02a].

2. In addition, we are obliged to have con˛dence in the operating system to schedule processes.

For example, MPI automatically allocates processes to processors cyclically, which may be far from optimal.

3. Finally, in case more than one processes are allocated to a CPU, optimizing tile size and shape according to cache locality criteria [KRC99], [LRW91], [WL91a], [PHP03], [MHCF98], will not have the desired results, as context-switching frequently between them might not allow them to build su‹cient context in the cache.

For this purpose, a regular, periodic allocation scheme is needed, even if it is suboptimal. In [BDRV99], [CDR97] Boulet et al. and Calland et al. have theoretically proven the optimality of a cyclic assignment of 2-dimensional tiles onto a ˛xed number of single CPU nodes. On the other hand, Manjikian and Abdelrahman have presented in [MA01] an alternative method for scheduling tiled iteration spaces onto a ˛xed number of SMP nodes, without taking into account that there is no need for communication among CPUs of the same SMP node, since the data required are located in the node’s shared memory.

In this chapter, we propose some methods for scheduling tiled iteration spaces onto an existing cluster with a ˛xed number of SMP nodes. All following formulas, which refer to the allocation of tiles or groups to the nodes of the cluster or to the corresponding execution steps are valid for any convex tile space, as de˛ned in §2.2. However, when calculating the number of time steps required for the completion of the execution (makespan), we consider a rectangular tile space, as in formulas (4.3), (4.4), (4.6). We use this simpli˛cation in order to point out the basic concepts concerning each one of the proposed methods, without too complicated mathematical formulas. Anyway, it does not constrain any of the advantages or disadvantages of the methods proposed, apart from those concerning load balancing. In order to further simplify the mathematical formulas, we assume that the longest dimension of the tile space is the ˛rst one. Thus, according to §3.3.2, §4.4.4, tiles along the ˛rst dimension will be assigned to the same processor. This assumption can be easily cancelled by simply interchanging the ˛rst dimension with anyone else.

5.2 Cyclic assignment to SMPs

In [BDRV99], [CDR97] the optimality of the cyclic assignment of 2-dimensional tiles onto a ˛xed number of processors was theoretically proven. However, the calculations in [BDRV99], [CDR97] did not take into account the communication overhead involved. Generalizing this approach for n-dimensional tiles and for clusters of SMP nodes, we consider that the available SMP nodes form a virtual (n−1)-dimensional mesh of p_2 ×· · ·×p_n = p SMP nodes. We cyclically assign the groups to the SMP nodes. That is, we assign group ⃗j^G to the SMP node (j^G_2 %p_2, . . . , j^G_n %p_n), as indicated in Figure 5.1.

Figure 5.1: Cyclic assignment to SMP nodes.

Groups are cyclically assigned to SMP nodes. Equivalently, tiles are cyclically assigned to CPUs. Tile space areas, which can fit the existing architecture, are named as “chunks”. Chunks of tiles are executed one after the other, in lexicographic order.

Theorem 5.1 The makespan of cyclically assigning a rectangular tile space to SMP nodes,

128 Scheduling onto a fixed number of homogeneous SMP nodes

assuming overlapping communication with computation is:

℘_{cyclic−overlap =}^{n�}_{i=2}^�_{(w}S_{i − 1)%mipi + (⌈}^{wS}i_{mi ⌉ − 1)%pi}^�_{+ w}S_1^{n�}_{i=2⌈}^{wS}i_{mipi ⌉ ≤}

≤^n � i=2 [(m_i + 1)p_i] − 2n + 2 + w^S_1^n � i=2 ⌈^{wSi}_{mipi} ⌉

(5.1)

Proof: Each SMP node will execute ⌈^{wS2}_{m2p2} ⌉ × · · · × ⌈^{wSn}_{mnpn} ⌉ rows of groups. If the rows of groups assigned to an SMP node, are executed in lexicographic order, row (•, j^G_2 , . . . , j^G_n ) will be executed in SMP node (j^G_2 %p_2, . . . , j^G_n %p_n) after^n � i=2 � ⌊^{jGi}_{pi} ⌋^n � k=i+1

⌈^{wSk}_{mkpk} ⌉ � rows, imposing

a latency of w^S_1 time steps each. Thus, there is a total latency of w^S_1^n � i=2 � ⌊^{jGi}_{pi} ⌋^n � k=i+1

⌈^{wSk}_{mkpk} ⌉ �

time steps. In addition, as deduced from Figure 5.1, the location of a group, relatively to the corresponding chunk origin, is (j^G_1^′, j^G_2 %p_2, . . . , j^G_n %p_n), where j^G_1^′ = j^S_1 +^n � i=2 j^S_i %m_ip_i.

Therefore, if the underlying architecture allows for concurrent execution of computations and communication, following the overlapping execution scheme, group ⃗j^G will be computed during the time step

t( ⃗j^G) = j^G_1^′ + n� i=2 j^G_i %p_i + w^S_1 n� i=2 � ⌊ j^G_i p_i ⌋ n� k=i+1 ⌈ w^S_k m_kp_k ⌉ � . (5.2)

Thus, the number of time steps required for the completion of the execution will be

℘_{cyclic−overlap = max t(} ⃗_jG_{) − min t(} ⃗_jG_{) + 1 =}

(C.3)

= u^S_1 +^n � i=2 � u^S_i %m_ip_i + ⌊^{uSi}_{mi} ⌋%p_i � + w^S_1^n � i=2 � ⌊^{uSi}_{mipi} ⌋^n � k=i+1

⌈^{wSk}_{mkpk} ⌉ � + 1 =

(C.4)

=^n � i=2 � (w^S_i − 1)%m_ip_i + (⌈^{wSi}_{mi} ⌉ − 1)%p_i � + w^S_1 + w^S_1^n � i=2 � (⌈^{wSi}_{mipi} ⌉ − 1)^n � k=i+1

⌈^{wSk}_{mkpk} ⌉ � = (C.7)

=^n � i=2 � (w^S_i − 1)%m_ip_i + (⌈^{wSi}_{mi} ⌉ − 1)%p_i � + w^S_1^n � i=2 ⌈^{wSi}_{mipi} ⌉ ⊣

The ˛rst term of the right-hand part in formula (5.1) represents the time required for ˛lling the pipeline (that is, the initial idle time needed for the last processor to start computing), while the second term corresponds to the time each processor is busy executing calculations.

Lemma 5.1 This schedule is valid iff

w^S_1 n� k=l+1 ⌈ w^S_k m_kp_k

⌉ ≥ (m_l + 1)p_l,

∀l = 2, . . . , n such that w^S_l > m_lp_l.

Proof: In order to prove the validity of this schedule, it suffices to prove that the data needed for the computation of a tile are available during the desired time step. If the necessary data are available for the computation of the chunk origins, they will be also available for every inner tile. We assume that tiles are big enough to include all dependence vectors. Thus, each tile depends only on neighboring tiles. A chunk origin has coordinates of the form: ⃗jS_{origin} = (0, x_2m_2p_2, . . . , x_nm_np_n), where x_i ∈ N (i = 2, . . . , n). Thus, it will be executed in

the SMP node (0, . . . , 0) during the time step t_{origin} = w^S_1^n � i=2 � x_i^n � k=i+1

⌈^{wSk}_{mkpk} ⌉ � (see formula

(5.2)). If x_l ≥ 1 (which presupposes w^S_l > m_lp_l), this chunk origin will be dependent from tile ⃗jS_{dependence} = (0, x_2m_2p_2, . . . , x_{l−1}m_{l−1}p_{l−1}, x_lm_lp_l − 1, x_{l+1}m_{l+1}p_{l+1}, . . . , x_nm_np_n), which will be executed in the SMP node (0, . . . , 0, p_l − 1, 0, . . . , 0) during the time step t_{dependence} = (m_l+1)p_l−2+w^S_1 [^n � i=2 [x_i^n � k=i+1

⌈^{wSk}_{mkpk} ⌉]−^n � k=l+1

⌈^{wSk}_{mkpk} ⌉]. Since these two tiles will be executed in different SMP nodes, for the necessary data to be available, it must hold t_{origin} −t_{dependence} ≥ 2 ⇔ w^S_1^n � k=l+1

⌈^{wSk}_{mkpk} ⌉ ≥ (m_l + 1)p_l. This inequality should be valid ∀l = 2, . . . , n such that w^S_l > m_lp_l. ⊣

If the condition, de˛ned by Lemma 5.1, is not valid, then there is not an actual shortage of processors along dimension l. Thus, we can schedule along this dimension as if there were as many processors as needed. For example, see the di¸erence between Figures 5.2 and 5.3.

Figure 5.2: Cyclic scheduling when there is not actual lack of processors. When there are only 2 SMP nodes available, the time steps, when each tile will be computed, do not change at all.

If we should do with a conventional communication architecture as node interconnect (i.e. without NIC support for relieving the CPU from the communication burden):

130 Scheduling onto a fixed number of homogeneous SMP nodes

Figure 5.3: Cyclic scheduling when there is lack of processors.

The computation of the second chunk of tiles starts at time step t = 8, instead of t = 6, according to formula (5.2).

Theorem 5.2 The makespan of cyclically assigning a rectangular tile space to SMP nodes,

following the non-overlapping execution scheme, is:

℘_{cyclic−nonoverlap =}^{n�}_{i=2}^�_{(w}S_{i − 1)%mipi}^�_{+ w}S_1^{n�}_{i=2⌈}^{wS}i_{mipi ⌉ ≤}

≤^n � i=2 m_ip_i − n + 1 + w^S_1^n � i=2 ⌈^{wSi}_{mipi} ⌉

(5.3)

Proof: As in the proof of theorem 5.1, the latency before the computation of a group consists of the latency imposed by lexicographically previous rows assigned to the same processor, plus the latency imposed by previous groups of the same row. Consequently, group ⃗j^G will be computed during the time step

t( ⃗j^G) = j^G_1^′ + w^S_1 n� i=2 � ⌊ j^G_i p_i ⌋ n� k=i+1 ⌈ w^S_k m_kp_k ⌉ � (5.4)

Thus, the makespan of the execution will be

℘_{cyclic−nonoverlap = max t(} ⃗_jG_{) − min t(} ⃗_jG_{) + 1 =}

(C.3)

= u^S_1 +^n � i=2 � u^S_i %m_ip_i � + w^S_1^n � i=2 � ⌊^{uSi}_{mipi} ⌋^n � k=i+1

⌈^{wSk}_{mkpk} ⌉ � + 1 =

(C.4)

=^n � i=2 � (w^S_i − 1)%m_ip_i � + w^S_1 + w^S_1^n � i=2 � (⌈^{wSi}_{mipi} ⌉ − 1)^n � k=i+1

⌈^{wSk}_{mkpk} ⌉ � = (C.7)

=^n � i=2 � (w^S_i − 1)%m_ip_i � + w^S_1^n � i=2 ⌈^{wSi}_{mipi} ⌉ ⊣

Lemma 5.2 The schedule of Theorem 5.2 is always valid, assuming w^S_1 ≥ w^S_i , i = 2, . . . , n.

Proof: As in the proof of Lemma 5.1, in order for this schedule to be valid, the data needed for the computation of a tile should be available during the corresponding time step. A chunk origin ⃗j^S_{origin} = (0, x_2m_2p_2, . . . , x_nm_np_n) (x_i ∈ N (i = 2, . . . , n)), will be executed during the time step t_{origin} = w^S_1^n � i=2 � x_i^n � k=i+1

⌈^{wSk}_{mkpk} ⌉ � (see formula (5.4)). If x_l ≥ 1 (which

presupposes w^S_l > m_lp_l), this chunk origin will be dependent from tile ⃗j^S_{dependence} = (0, x_2m_2p_2, . . . , x_{l−1}m_{l−1}p_{l−1}, x_lm_lp_l − 1, x_{l+1}m_{l+1}p_{l+1}, . . . , x_nm_np_n), which will be executed during the time step t_{dependence} = m_lp_l − 1 + w^S_1 [^n � i=2 [x_i^n � k=i+1

⌈^{wSk}_{mkpk} ⌉] −^n � k=l+1

⌈^{wSk}_{mkpk} ⌉]. Since, in the non-overlapping execution scheme, the data are transferred among SMPs during the time step of their computation, for the necessary data to be available, it must hold t_{origin} − t_{dependence} ≥ 1 ⇔ w^S_1^n � k=l+1

⌈^{wSk}_{mkpk} ⌉ ≥ m_lp_l. This inequality is valid ∀l = 2, . . . , n such that

w^S_l > m_lp_l, because: w^S_1^n � k=l+1

⌈^{wSk}_{mkpk} ⌉ ≥ w^S_1 ≥ w^S_l > m_lp_l. ⊣

5.3 Mirror assignment to SMPs

Let us consider another schedule, if we assign the tiles to SMP nodes as indicated in Figure 5.4. That is, we assign group ⃗j^G to the SMP node

( j^G_2 %p_2 if even(j^G_2 /p_2) (p_2 − 1) − j^G_2 %p_2 if odd(j^G_2 /p_2)

, . . . , j^G_n %p_n if even(j^G_n /p_n) (p_n − 1) − j^G_n %p_n if odd(j^G_n /p_n) ). This schedule has the advantage that there is no need for data transfer along the boundaries of chunks of tiles, thus less time is wasted for communication.

Theorem 5.3 When following the mirror assignment schedule, in combination with the over-

132 Scheduling onto a fixed number of homogeneous SMP nodes

Figure 5.4: Mirror assignment to SMP nodes.

As in the cyclic assignment scheme, the tile space is divided into chunks, which fit the existing processing architecture. The difference is that tiles along the same chunk boundary are assigned to the same SMP node. Thus, there is no need for communication across chunk boundaries.

lapping execution scheme, the makespan is:

℘_{mirror−overlap =}^{n�}_{i=2}^�_{(w}S_{i − 1)%mipi + (⌈}^{wS}i_{mi ⌉ − 1)%pi}^�_−^{n�}_{i=2 [(mi + 1)pi] + 2n − 2+} + � w^S_1 +^n � i=2 [(m_i + 1)p_i] − 2n + 2

�_n � i=2 ⌈^{wSi}_{mipi} ⌉ ≤ ≤ � w^S_1 +^n � i=2 [(m_i + 1)p_i] − 2n + 2

�_n � i=2 ⌈^{wSi}_{mipi} ⌉

(5.5)

Proof: As in the cyclic assignment schedule, if the chunks of groups are executed in lexicographic order, the chunk containing row (•, j^G_2 , . . . , j^G_n ) will be executed after n� i=2 � ⌊ j^G_i p_i ⌋ n� k=i+1 ⌈ w^s_k m_kp_k ⌉ �

chunks. The latency imposed by each of the previous chunks, is greater than the respective one when applying the cyclic assignment schedule. It equals to w^S_1 +^n � i=2 [(m_i + 1)p_i] − 2n + 2, since the computation of a whole chunk should be finished before the computation of the next chunk starts. In addition, as deduced from Figure 5.4, the position of a group, relatively to the corresponding chunk origin, is (j^G_1^′, j^G_2 %p_2, . . . , j^G_n %p_n), where j^G_1^′ = j^S_1 +^n � i=2 j^S_i %m_ip_i.

Therefore, group ⃗j^G will be computed during the time step

t( ⃗j^G) = j^G_1^′ + n� i=2 j^G_i %p_i + � w^S_1 + n� i=2 [(m_i + 1)p_i] − 2n + 2

�_n � i=2 � ⌊ j^G_i p_i ⌋ n� k=i+1 ⌈ w^S_k m_kp_k ⌉ �

Thus, the makespan will be

℘_{mirror−overlap = max t(} ⃗_jG_{) − min t(} ⃗_jG_{) + 1 =}

(C.3)

= u^S_1 +^n � i=2 � u^S_i %m_ip_i + ⌊^{uSi}_{mi} ⌋%p_i � + + � w^S_1 +^n � i=2 [(m_i + 1)p_i] − 2n + 2

�_n � i=2 � ⌊^{uSi}_{mipi} ⌋^n � k=i+1

⌈^{wSk}_{mkpk} ⌉ � + 1 =

(C.4),(C.7)

=^n � i=2 � (w^S_i − 1)%m_ip_i + (⌈^{wSi}_{mi} ⌉ − 1)%p_i � −^n � i=2 [(m_i + 1)p_i] + 2n − 2+ + � w^S_1 +^n � i=2 [(m_i + 1)p_i] − 2n + 2

�_n � i=2 ⌈^{wSi}_{mipi} ⌉. ⊣

Following this schedule, there is no need to prove that the data required will be available during the computation of a tile, since,

1. the tiles of a chunk are dependent only on tiles of the same or of a lexicographically previous chunk and,

2. there is no possibility to overlap the computations of di¸erent chunks.

If there is no shortage of processors (w^S_i ≤ m_ip_i, ∀i = 2, . . . , n), the proposed schedules are equivalent. Otherwise, it can be easily deduced from formulas (5.1), (5.5) that ℘_{cyclic−overlap}

< ℘_{mirror−overlap. Their di¸erence is due to the fact that, following the mirror assignment}

schedule, every time the computation of a chunk ˛nishes and the computation of the next one starts, there are some idle time steps for some of the processors, as indicated in Figure 5.4 by white dots. Thus, when a time step for the cyclic schedule is equal to a time step for the mirror one, the cyclic schedule is preferable to the mirror one. In fact, this is the case for the overlapping execution scheme.

Theorem 5.4 Following the mirror assignment schedule, in combination to the non-overlapping execution scheme, the makespan of the execution is:

℘_{mirror−nonoverlap =}

=^n � i=2 � (w^S_i − 1)%m_ip_i � −^n � i=2 m_ip_i + n − 1 + � w^S_1 +^n � i=2 m_ip_i − n + 1

�_n � i=2 ⌈^{wSi}_{mipi} ⌉ ≤ ≤ � w^S_1 +^n � i=2 m_ip_i − n + 1

�_n � i=2 ⌈^{wSi}_{mipi} ⌉

(5.6)

134 Scheduling onto a fixed number of homogeneous SMP nodes

Proof: The latency imposed by each one of the previous chunks is w^S_1 +^n � i=2 m_ip_i − n + 1.

Consequently, group ⃗j^G will be computed during the time step t( ⃗j^G) = j^G_1^′ + (w^S_1 +^n � i=2 m_ip_i −

n + 1)^n � i=2 � ⌊^{jGi}_{pi} ⌋^n � k=i+1

⌈^{wSk}_{mkpk} ⌉ � . Thus, the makespan of the execution will be

℘_{mirror−nonoverlap = max t(} ⃗_jG_{) − min t(} ⃗_jG_{) + 1 =}

(C.3)

= u^S_1 +^n � i=2 � u^S_i %m_ip_i � + � w^S_1 +^n � i=2 m_ip_i − n + 1

�_n � i=2 � ⌊^{uSi}_{mipi} ⌋^n � k=i+1

⌈^{wSk}_{mkpk} ⌉ � + 1 =

(C.7)

=^n � i=2 � (w^S_i − 1)%m_ip_i � −^n � i=2 m_ip_i + n − 1 + � w^S_1 +^n � i=2 m_ip_i − n + 1

�_n � i=2 ⌈^{wSi}_{mipi} ⌉ ⊣

It can be deduced from formulas (5.3), (5.6) that P_{cyclic−nonoverlap} ≤ P_{mirror−nonoverlap}. (They are equivalent only in case there is no lack of processors.) However, since the communication overhead is not hidden under the computation time, this schedule may sometimes result in a shorter total execution time, due to better exploitation of the available bandwidth. In particular, if there are only two SMP nodes along a dimension, no SMP node should both send and receive data along that dimension. Thus, the communication overhead will be halved.

5.4 Cluster assignment to SMPs

Alternatively, following the approach of [MA01], generalizing it for n-dimensional spaces and taking into account that there is no need for communication among processors of the same SMP node, we may assign neighboring rows of tiles to the same CPU, as indicated in Figure 5.5.

Figure 5.5: Cluster assignment to SMP nodes.

Neighboring tiles, clustered together to TILES, are assigned to the same CPU. Time scheduling does not any more concern tiles or groups, but TILES or GROUPS.

5.4 Cluster assignment to SMPs 135

Theorem 5.5 When following the cluster assignment schedule, in combination to the overlapping execution scheme, the makespan of the execution is:

℘_{cluster−overlap =}^{n�}_{i=2⌈}^{wS}i_{mipi ⌉} � w^S_1 − 2n + 2 +^n � i=2 ⌈^{wSi}_{⌈ wSi}

mipi ⌉

⌉ +^n � i=2 ⌈^{wSi}_{mi⌈ wSi}

mipi ⌉ ⌉ � (5.7)

Proof: In order to achieve this schedule, we cluster together neighboring tiles (j^S_1 , j^S_2 , . . . , j^S_n ), mapping them to a “supertile”, or TILE, labelled as (j^S_1 , ⌊^{jS2}_{⌈ wS2}

m2p2 ⌉

⌋, . . . , ⌊^{jSn}_{⌈ wSnm}

npn ⌉

⌋). Thus, the

corresponding GROUP will be ⃗j^G = (j^S_1 +^n � i=2 ⌊^{jSi}_{⌈ wSi}

mipi ⌉

⌋, ⌊^{jS2}_{m2⌈ wS2}

m2p2 ⌉

⌋, . . . , ⌊^{jSn}_{mn⌈ wSnm}

npn ⌉

⌋) and

it will be executed during the time STEP t( ⃗j^S ) = j^S_1 +^n � i=2 ⌊^{jSi}_{⌈ wSi}

mipi ⌉

⌋ +^n � i=2 ⌊^{jSi}_{mi⌈ wSi}

mipi ⌉

⌋. Consequently, the MAKESPAN of the algorithm is

℘_{CLUSTER-OVERLAP = max t(} ⃗_jS_{) − min t(} ⃗_jS_{) + 1 =}

(C.4)

= w^S_1 − 2n + 2 +^n � i=2 ⌈^{wSi}_{⌈ wSi}

mipi ⌉

⌉ +^n � i=2 ⌈^{wSi}

m_i⌈^{wSi}_{mipi} ⌉ ⌉

As a TILE consists of^n � i=2 ⌈^{wSi}_{mipi} ⌉ tiles, assuming that the duration of a time step is mainly

determined by the computation time t_{comp}, a STEP will be equivalent to^n � i=2 ⌈^{wSi}_{mipi} ⌉ time steps (excluding the DMA initialization and synchronization time). Thus, the total number of steps required for the completion of the execution will be

℘_{cluster−overlap =}^{n�}_{i=2⌈}^{wS}i_{mipi ⌉}℘_{CLUSTER-OVERLAP =}

=^n � i=2 ⌈^{wSi}_{mipi} ⌉ � w^S_1 − 2n + 2 +^n � i=2 ⌈^{wSi}_{⌈ wSi}

mipi ⌉

⌉ +^n � i=2 ⌈^{wSi}

m_i⌈^{wSi}_{mipi} ⌉ ⌉ �

⊣

Lemma 5.3 It holds that ℘_{cyclic−overlap} ≤℘_{cluster−overlap}.

Proof: When there is no lack of processors (w^S_i ≤ m_ip_i, ∀i = 2, . . . , n), the proposed schemes are equivalent and it can be easily proven from (5.1), (5.7) that

℘_{cyclic−overlap =} ℘_{cluster−overlap}

Otherwise, (5.7) ⇒

℘_{cluster−overlap >}^{n�}_{i=2} � �⌈ w^{Si}

⌈^{wSi}_{mipi} ⌉

⌉ − 1 + ⌈ w^S_i m_i⌈^{wSi}_{mipi} ⌉

⌉ − 1 � � + w^S_1 n� i=2 ⌈ w^S_i m_ip_i ⌉.

If we write w^S_i = x_im_ip_i −y_i, where x_i, y_i are integer numbers and x_i ≥ 1, 0 ≤ y_i < m_ip_i −1,

136 Scheduling onto a fixed number of homogeneous SMP nodes

then it holds that:

(w^S_i − 1)%m_ip_i = m_ip_i − y_i − 1 ⌈^{wSi}_{⌈ wSi}

mipi ⌉

⌉ − 1^{(C.5)}= m_ip_i − ⌊^{yi}_{xi} ⌋ − 1 � � � ⇒ (w^S_i − 1)%m_ip_i ≤ ⌈^{wSi}_{⌈ wSi}

mipi ⌉

⌉ − 1

(⌈^{wSi}_{mi} ⌉ − 1)%p_i^{(C.5)}= p_i − ⌊^{yi}_{mi} ⌋ − 1 ⌈^{wSi}

m_i⌈^{wSi}_{mipi} ⌉

⌉ − 1^{(C.5)}= p_i − ⌊^{yi}_{mixi} ⌋ − 1 � � � ⇒ (⌈^{wSi}_{mi} ⌉ − 1)%p_i ≤ ⌈^{wSi}_{mi⌈ wSi}

mipi ⌉

⌉ − 1

� � � � � � � ⇒ ⇒ ℘_{cyclic−overlap <} ℘_{cluster−overlap.} ⊣

Thus, this schedule results to a worse makespan than the cyclic one. Their di¸erence is due to the fact that, in this schedule, the ˛lling of the pipeline is slower (that is, the last processor starts executing computations later). In case w^S_1 >> w^S_i (i = 2, . . . , n), the time each processor is busy, out‚anks the pipeline ˛ling time and it holds that P_{cyclic−overlap} ≃ P_{cluster−overlap}. However, the previous mathematical lemma has not taken into consideration the time required for the initialization of messages and for synchronization. Since the cluster assignment schedule requires less messages to be sent and less synchronization, in some cases it may be practically proven more e‹cient.

Theorem 5.6 Following the cluster assignment schedule, in combination to the non-overlapping execution scheme, the makespan of the execution is:

℘_{cluster−nonoverlap = C} � w^S_1 − n + 1 +^n � i=2 ⌈^{wSi}_{⌈ wSi}

mipi ⌉ ⌉ � ≤ C � w^S_1 − n + 1 +^n � i=2 m_ip_i � (5.8)

where 1 ≤ C ≤^n � i=2 ⌈^{wSi}_{mipi} ⌉

Proof: Tile (j^S_1 , j^S_2 , . . . , j^S_n ), corresponding to GROUP

⃗jG = (jS_1 +^n � i=2 ⌊ j^S_i ⌈^{wSi}_{mipi} ⌉

⌋, ⌊ j^S_2 m_2⌈^{wS2}_{m2p2} ⌉

⌋, . . . , ⌊ j^S_n m_n⌈^{wSn}_{mnpn} ⌉ ⌋)

is executed during the time STEP t( ⃗j^S ) = j^S_1 +^n � i=2 ⌊^{jSi}_{⌈ wSi}

mipi ⌉

⌋. Consequently, the MAKESPAN of the execution is

℘_{CLUSTER-NONOVERLAP = max t(} ⃗_jS_{) − min t(} ⃗_jS_{) + 1}^{(C.4)}_{= w}S_{1 − n + 1 +}^{n�}_{i=2⌈}^{wS}i_{⌈ wSi}

m_ip_i ⌉ ⌉.

A computation subSTEP is equivalent to^n � i=2 ⌈^{wSi}_{mipi} ⌉ computation substeps, but a communi-

cation subSTEP is equivalent to less than^n � i=2 ⌈^{wSi}_{mipi} ⌉ communication substeps. In particular,

5.5 Retiling 137

if the communication load is equal along all communication dimensions (as resulted by the method proposed in [Xue97a]), the amount of data to be transferred, as indicated in Figure 5.6, is^n � i=2 ⌈^{wSi}_{mipi} ⌉^n � i=2 1 (n−1)⌈^{wSi}_{mipi} ⌉

≤^n � i=2 ⌈^{wSi}_{mipi} ⌉ times the communication load of a tile.

Thus, the makespan of the algorithm will be

℘_{cluster−nonoverlap = C}℘_{CLUSTER-NONOVERLAP (where 1 ≤ C ≤}^{n�}_{i=2⌈}^{wS}i_{mipi ⌉) ⇒}

℘_{cluster−nonoverlap = C}^�_wS_{1 − n + 1 +}^{n�}_{i=2⌈}^{wS}i_{⌈ wimipi ⌉ ⌉}^� ⊣

Figure 5.6: Clustering communication

In conclusion, comparing to the cyclic assignment schedule, this method has the drawback of slower pipeline ˛lling. However, it results to less communication overhead, which signi˛- cantly reduces the total execution time, especially when the non-overlapping execution scheme is applied.

5.5 Retiling

A more e‹cient schedule can be obtained, if we adapt the size of tiles to the available number of SMPs (Figure 5.7). That is, we retile the initial iteration space, so as to get w^S_i^′ = m_ip_i, (i = 2, . . . , n) and w^S_1^′ = w^S_1^n � i=2 w^S_i m_ip_i . Then, the size of a \new" tile will be equal to the

size of an \old" tile and, consequently, a \new" computation step will be equivalent to an \old" computation step. Following the overlapping execution scheme, the number of time steps required for the completion of the execution, according to formula (4.3), will be ℘_{retile−overlap} = n� i=1 w^S_i^′ +^n � i=2 ⌈^{wSi ′}_{mi} ⌉ − 2n + 2 ⇒

℘_{retile−overlap =}^{n�}_{i=2 [(mi + 1) pi] − 2n + 2 + w}S_1^{n�}_{i=2}^{wS}i_{mipi (5.9)}

In case w^S_i %m_ip_i = 0 (i = 2, . . . , n), it holds that ℘_{retile−overlap} =℘_{cyclic−overlap}. Otherwise,

℘_{retile−overlap <} ℘_{cyclic−overlap. Their di¸erence is due to the fact that the cyclic schedule does}

not assign exactly the same number of tiles to each processor, resulting to a slight load imbalance.

Figure 5.7: Retiling.

The tile space is re-constructed from scratch, so as to fit the existing processing architecture.

Using the non-overlapping execution scheme, the number of time steps required for the completion of the execution, according to formula (4.4), will be ℘_{retile−nonoverlap} =^n � i=1 w^S_i^′ − n + 1 ⇒

℘_{retile−nonoverlap =}^{n�}_{i=2 mipi − n + 1 + w}S_1^{n�}_{i=2}^{wS}i_{mipi (5.10)}

From (5.3), (5.10), we can deduce that ℘_{retile−nonoverlap} ≤℘_{cyclic−nonoverlap}. In addition, a \new" computation substep is equivalent to an \old" computation substep, but a \new" communication substep is equivalent to less than an \old" communication substep. In particular, as in Theorem 5.6, if the communication load is equal along all communication dimensions, the amount of data to be transferred is^n � i=2 1 (n−1)^{wSi}_{mipi}

≤ 1 times the communication load of an \old" tile.

In conclusion, when the tile space is rectangular, this schedule is preferable to previously proposed ones, assuming that there are no factors constraining the tile shape, such as false sharing, or cache locality [KRC99], [LRW91], [WL91a], [MHCF98], [PHP03]. It can fully exploit the computational power of all the SMP nodes and it achieves a perfect load balance, without imposing any additional complexity to the initial schedule, at least when a rectangular tile space is concerned. But if, apart from parallel scheduling, there are other factors constraining the tile size and shape, this schedule may prove to be ine‹cient, since it totally reorganizes the execution order of iterations.

5.6 Experimental Results

5.6.1 Experimental Platform

In order to evaluate the proposed methods, we use a Linux SMP cluster with 2 identical nodes. Each node has 1GB of RAM and 2 Pentium III @ 1266 MHz CPUs. The cluster nodes communicate through a Myrinet high performance interconnect, using the GM low level message passing system.

In order to utilize the available processors in each SMP node as e‹ciently as possible, our implementation uses one multi-threaded process per SMP, with the number of threads equal to the number of CPUs. Multithreading support is based on the LinuxThreads library. Threads executing on the same SMP communicate using shared memory, eliminating the need for message passing. For the data exchange between processes executing on di¸erent SMPs, Myricom’s GM version 1.6.3 is used [Myr02]. GM is a low-level message passing library for Myrinet. It comprises a library used by userspace programs, an OS driver (in our case, a Linux kernel module) and a Myrinet Control Program (MCP), which is executed on the LANai, the embedded RISC microprocessor on the Myrinet NIC. The GM driver is used during the execution of a userspace process to open and close ports and to allocate and free memory suitable for DMA transfers. A port is a communication endpoint, used as the interface between a userspace process and the NIC. Having opened a port, a process can communicate directly with the NIC, without the need for system calls, bypassing the operating system. Thus, all data exchange is performed directly to and from userspace bu¸ers.

To provide ‚ow control between the host and the NIC, sending and receiving messages is regulated by tokens. Initially, a process possesses a ˛nite number of send and receive tokens. To be able to receive a message, the process must provide GM with a bu¸er in DMAable memory, relinquishing a receive token. When a message is received, the DMA engine on the Myrinet NIC places it directly into the userspace bu¸er. The process polls for new messages and retrieves the receive token when a message arrives. The same applies to sending messages: The process relinquishes a send token by requesting the transmission of a message from a userspace bu¸er, then retrieves it when the send operation completes and an appropriate send completion callback function is executed by GM. As the data exchange between the host memory and the NIC is undertaken by the DMA engine on the NIC, without involving the CPU, overlapping of communication with computation is possible.

5.6.2 Experimental Data: Rectangular Tile Spaces

We performed several series of experiments in order to evaluate and compare the practical speedups obtained using each one of the four alternative schedules, combined with both the alternative execution schemes. Our test application code was the following:

for(i=1; i¡=X; i++)

for(j=1; j¡=Y; j++) for(k=1; k¡=Z; k++)

A[i][j][k]=func(A[i-1][j][k],A[i][j-1][k],A[i][j][k-1]);

where A is an array of X × Y × Z ‚oats and X = Y << Z. Without lack of generality, we consider, as a tile, a rectangle with ij, ik and jk sides. The dimension k is the largest one, so all tiles along the k-axis are mapped onto the same processor, as proposed in [AKPT99], [GSK01]. Each tile has i, j, k dimensions equal to x. Thus, there are^X_x tiles along dimensions i, j and Z x tiles along dimension k. Tile’s volume is equal to g = x^3. As described in [HS98], g has been selected, so that t_{comp} = t_{comm}, after experimentally measuring the computation time per iteration, the time required per data item to be transferred and the communication initialization and ˛nalization overhead.

After implementing all four schedules in combination with both execution schemes, as described by the pseudo-code of Tables 5.1, 5.2, we measured the performance of all schedules and compared it with their theoretically expected performance. For various tile sizes, we have conducted a series of experiments for each schedule+execution scheme combination, varying the iteration space size. In Figures 5.8-5.10 we have plotted our experimental results along with the respective theoretical curves. As a measure of performance, we have used the ratio of the speedup obtained to the best possible speedup. That is, we have depicted the ratio of the speedup obtained to the number of processors used. Thus, the closer a plot is to 1, the more e‹cient a schedule is. As can be seen in Figures 5.8-5.10, the practical completion times of our experiments di¸er to our theoretical predictions by at most 3%. For the overlapping communication schedules, this can be attributed to both the DMA engine on the Myrinet NIC and the CPU trying to access data in memory.

Figure 5.8: Experimental Data: Tile Size 32 × 32 × 32

One can easily deduce that in almost all cases, the retiling schedule achieves the best performance, both theoretically and experimentally. This result was expected, since the retiling schedule absolutely adjusts tiles to the existing con˛guration of a cluster. However, in our ex-

Table 5.1: Implementation of schedules (cyclic assignment, mirror assignment, cluster assignment to SMP nodes) when the tile space is rectangular Cyclic Assignment - Rectangular Tile Space FOREACH CPU with coordinates (cpu id2, . . . , cpu idn) in SMP node with coordinates (smp id2, . . . , smp idn) DO FOR (t2 = smp id2 ∗ m2 + cpu id2; t2 < w^S_2 ; t2+ = m2 ∗ p2) FOR (t3 = smp id3 ∗ m3 + cpu id3; t3 < w^S_3 ; t3+ = m3 ∗ p3)

FOR (t1 = 0; t1 < w^S_1 ; t1 + +){

Execute pre-computation part of Communication Execute Computation of tile (t1, t2, t3) Execute post-computation part of Communication } Mirror Assignment - Rectangular Tile Space FOREACH CPU with coordinates (cpu id2, . . . , cpu idn) in SMP node with coordinates (smp id2, . . . , smp idn) DO FOR (x2 = 0; x2 < ⌈^{wS2}_{m2∗p2} ⌉; x2 + +){

t2 = x2 ∗ m2 ∗ p2 + (1 − x2%2) ∗ (smp id2 ∗ m2 + cpu id2) + (x2%2) ∗ (m2 ∗ p2 − 1 − smp id2 ∗ m2 − cpu id2); IF (t2 < w^S_2 )

FOR (x3 = 0; x3 < ⌈^{wS3}_{m3∗p3} ⌉; x3 + +){

t3 = x3 ∗ m3 ∗ p3 + (1 − x3%2) ∗ (smp id3 ∗ m3 + cpu id3) + (x3%2) ∗ (m3 ∗ p3 − 1 − smp id3 ∗ m3 − cpu id3); IF (t3 < w^S_3 ){

Execute pre-computation part of Communication Execute Computation of tile (t1, t2, t3) Execute post-computation part of Communication } } } Cluster Assignment - Rectangular Tile Space FOREACH CPU with coordinates (cpu id2, . . . , cpu idn) in SMP node with coordinates (smp id2, . . . , smp idn) DO FOR (t1 = 0; t1 < w^S_1 ; t1 + +){

Execute pre-computation part of Communication FOR (t2 = (smp id2 ∗ m2 + cpu id2) ∗ ⌈^{wS2}_{m2∗p2} ⌉;

t2 < min(w^S_2 , (smp id2 ∗ m2 + cpu id2 + 1) ∗ ⌈^{wS2}_{m2∗p2} ⌉); t2 + +)

FOR (t3 = (smp id3 ∗ m3 + cpu id3) ∗ ⌈^{wS3}_{m3∗p3} ⌉;

t3 < min(w^S_3 , (smp id3 ∗ m3 + cpu id3 + 1) ∗ ⌈^{wS3}_{m3∗p3} ⌉); t3 + +){ Execute Computation of tile (t1, t2, t3) } Execute post-computation part of Communication } Retiling - Rectangular Tile Space w^S_1 ∗ =^{wS2}_{m2∗p2} ∗^{wS3}_{m3∗p3} w^S_2 = m2 ∗ p2 w^S_3 = m3 ∗ p3 FOREACH CPU with coordinates (cpu id2, . . . , cpu idn) in SMP node with coordinates (smp id2, . . . , smp idn) DO{ t2 = smp id2 ∗ m2 + cpu id2; t3 = smp id3 ∗ m3 + cpu id3; FOR (t1 = 0; t1 < w^S_1 ; t1 + +){

Execute pre-computation part of Communication Execute Computation of tile (t1, t2, t3) Execute post-computation part of Communication } }

Table 5.2: Execution schemes implementation (overlapping vs. non-overlapping) using the GM low level message passing system Non Overlapping Execution Scheme Overlapping Execution Scheme Pre-computation Part of Communication gm provide receive buffer() If on first tile do Execute a non-overlapping receive poll the GM event queue gm provide receive buffer() for tile (t1 + 1, t2, t3) process the event gm send with callback() for tile (t1 − 1, t2, t3) until data received Post-computation Part of Communication gm send with callback() do do poll the GM event queue

poll the GM event queue process the event process the event until send & receive completed until data sent Barrier for Threads in SMP Barrier for Threads in SMP If on last tile Execute a non-overlapping send

Figure 5.9: Experimental Data: Tile Size 128 × 32 × 32

periments we have eliminated the e¸ect of cache miss penalties by using small iteration space widths. If our iteration space dimensions, which are not assigned to the same processor, were too long, the retiling schedule could have destroyed the data locality achieved by optimally selected small tiles.

Note also that in the above examples the cluster assignment schedule, using tile size x, is equivalent to the retiling schedule, using tile size 4x. This was expected, considering that by construction the iterations executed and the data sent in these two cases are the same. What di¸ers is the execution order of iterations but here we have eliminated the cache misses overhead, in order to test the optimality of our schedules and not data locality.

When following the non-overlapping execution scheme, the di¸erence among the performance of the four schedules is mainly due to the volume of the data to be transferred. As depicted in Figure 5.11, the mirror assignment schedule involves double the communication of retiling and cluster assignment schedule, while the cyclic assignment schedule involves 6 times the same communication volume.

Figure 5.10: Experimental Data: Tile Size 256 × 32 × 32

Figure 5.11: Communication among SMPs

When following the overlapping execution scheme, since the communication volume is hidden under computation, their di¸erence is due to the time steps that each SMP has to stall waiting for the required data to arrive. The number of these time steps are equal regarding the retiling and the cyclic assignment schedules. However, using the cluster or the mirror assignment schedule, the number of idle time steps (see Figures 5.3, 5.4) is multiplied by the number of tiles clustered together, or, equivalently, the number of clunks of tiles, which ˛t the processing architecture.

In addition, note that all schedules achieve better performance for long iteration spaces. This is due to the fact that, when the mapping dimension of the iteration space is comparatively short, the time required for the last processor to start computing after the ˛rst data have arrived, is not minor in comparison to the total execution time.

5.6.3 Simulation Data The previous experimental data have been obtained on a cluster of 2 SMP nodes with 2 CPUs each. Note in Figure 5.11 that in the retiling and the cluster assignment schedule there is no SMP node that should both send and receive data. Thus, we expect that the relative performance of the four schedules would change when scaling up our underlying architecture. In order to evaluate the merits of the proposed schedules, using bigger clusters than the one we had available, we performed a number of simulations, whose results are depicted in Figures 5.12-

5.14. The performance of all four schedules has been simulated assuming that the initialization of DMA and synchronization overhead is negligible, as deduced from microbenchmarking in our platform.

In particular, all measurements of time intervals have been based on the rdtsc (Read TimeStamp Counter) instruction, which is available on all Intel processors beyond Pentium. This instruction returns the value of a 64-bit register which is incremented every clock cycle. Since rdtsc can be called directly by a userspace process, we do not incur the overhead of the gettimeofday system call. Thus, we have measured: 400 cycles for the send with callback function, which is 0.316μsec on a PIII@1266MHz, 800 cycles for gm provide receive buffer, which is 0.632μsec and 5598 cycles for a barrier, which is 4.421μsec. Thus, the total nonoverlappable communication latency imposed to each tile is less than 6μsec in the worst case. This overhead is negligible in comparison to a tile computation, which, in all cases, needed more than 24msec.

Similar to Figures 5.8-5.10, the values plotted in Figures 5.12-5.14 express, for each proposed schedule, the speedup obtained, divided by the number of CPUs used:^{Speedup}_{Number of P rocessors Used} . Therefore, the closest a plot is to 1, the more e‹cient the corresponding schedule will be.

Figure 5.12: Simulation Data: Tile Space · · · × 16 × 16 on a grid of 4 × 4 nodes with 2 × 2 CPUs each

It can be easily seen that when we are not interested in possible cache miss penalties imposed by reorganizing the tile space, the retiling schedule is again the most e‹cient one, due to the fact that it can fully exploit the computational power of all the SMP nodes and by de˛nition it achieves a perfect load balance.

As far as the cluster assignment schedule is concerned, for small tile spaces, it is ine‹cient due to its slow pipeline ˛lling. However, when the mapping dimension of the tile space is long enough, this schedule achieves high speedups, due to the fact that it minimizes the volume of data to be transferred. In fact, as explained in §5.6.2, the plot representing the cluster assignment schedule will fall onto the plot representing the retiling schedule if we shift it parallely to the x-axis (see Figures 5.12, 5.14). The cluster assignment schedule is less e‹cient than the retiling

Figure 5.13: Simulation Data: Tile Space · · · × 22 × 22 on a grid of 4 × 4 nodes with 2 × 2 CPUs each

Figure 5.14: Simulation Data: Tile Space · · · × 16 × 16 on a grid of 2 × 2 nodes with 4 × 4 CPUs each

schedule, only in case w^S_i is not a multiple of m_ip_i (see Figure 5.13), due to load imbalance.

We also deduce that the cyclic assignment schedule is equivalent to the retiling schedule, when the number of tiles along each dimension i is a multiple of m_ip_i and the overlapping execution scheme is used. Otherwise, if w^S_i is not a multiple of m_ip_i, their di¸erence is due to the fact that the cyclic schedule does not achieve a perfect load balance. Using the nonoverlapping execution scheme, the di¸erence is due to the fact that, as analyzed in Figure 5.6 and §5.5, the cyclic schedule results to more communication load, which is not hidden under the computation load. In addition, it can be more e‹cient than the cluster assignment schedule, only in case we use the overlapping communication scheme. This is due to the fact that in this case the extra communication overhead of the cyclic schedule is hidden under the computation load.

The mirror assignment schedule is almost always the least e‹cient, apart from the case of using the non-overlapping execution scheme on a grid of 2 × 2 SMP nodes. Even then, it is not more e‹cient than the cluster assignment schedule. This is due to the fact that it combines the disadvantages of the cyclic schedule with the disadvantages of the cluster assignment schedule.

That is, there is at least one node, which has both to send and to receive data (unless there are at most two nodes along each dimension of the grid, as in Figures 5.8-5.10 and Figure 5.14), thus the duration of a time step is equal to the one of the cyclic schedule and the improvement in the exploitation of the existing bandwidth is minor. In addition, after all SMP nodes have started their execution, there are some idle time steps for some of them (see Figure 5.4), corresponding to the slower pipeline ˛lling of the cluster assignment schedule.

5.7 Block-cyclic assignment to SMPs

Since, as shown in §5.6.2-§5.6.3, apart from retiling, the best performance is given by either the cyclic or the cluster assignment schedule, we also designed a combination of these schedules: block-cyclic assignment schedule. So, we hope to achieve the happy medium between them. Especially when dealing with non-rectangular tile spaces, block-cyclic schedule is supposed to achieve low communication overhead (as the cluster assignment schedule does), and at the same time relatively good load balance (as the cyclic assignment schedule does).

As shown in Figure 5.15, block-cyclic schedule is formed by clustering together some neighboring tiles, as we did in the cluster assignment schedule. For example, in Figure 5.15, we cluster together b_2 = 2 tiles. The di¸erence, in comparison to the cluster schedule, lies in the fact that now we do not cluster together so many tiles, as to get a number of rows of TILES equal to the number of CPUs available. In the sequel, we cyclically schedule TILES, or GROUPS, similarly to scheduling tiles or groups according to the cyclic assignment schedule.

Theorem 5.7 The makespan of block-cyclically assigning a rectangular tile space to SMP nodes, assuming overlapping communication with computation is:

℘_{block−cyclic−overlap =}^{� n�}_{i=2}^�_{(⌈}^{wS}i_{bi ⌉ − 1)%mipi + (⌈}^{wS}i_{bimi ⌉ − 1)%pi}^�_{+ w}S_1^{n�}_{i=2⌈}^{wS}i_{bimipi ⌉}^{� n�}_{i=2 bi(5.11)}

Proof: In order to achieve this schedule, we cluster together b_2 × · · · × b_n neighboring tiles (j^S_1 , j^S_2 , . . . , j^S_n ), mapping them to TILE labelled as (j^S_1 , ⌊^{jS2}_{b2} ⌋, . . . , ⌊^{jSn}_{bn} ⌋). The boundaries of the consequent TILE Space are 0..u^S_1 = w^S_1 −1 for the first dimension and 0..⌊^{uSi}_{bi} ⌋ = ⌈^{wSi}_{bi} ⌉−1 for i = 2, . . . , n.

Thus, replacing w^S_i with ⌈^{wSi}_{bi} ⌉, i = 2, . . . , n in formula (5.1) and taking into account formula (C.2), we get:

℘_{BLOCK-CYCLIC-NONOVERLAP =}^{n�}_{i=2}^�_{(⌈}^{wS}i_{bi ⌉ − 1)%mipi + (⌈}^{wS}i_{bimi ⌉ − 1)%pi}^�_{+w}S_1^{n�}_{i=2⌈}^{wS}i_{bimipi ⌉}

In addition, as a TILE consists of^n � i=2 b_i tiles, assuming that the duration of a time step

5.7 Block-cyclic assignment to SMPs 147

Figure 5.15: Block-cyclic assignment to SMP nodes.

Firstly, tiles are clustered together, so as to form TILES. Then, TILES are cyclically assigned to CPUs. Chunks of TILES are executed one after the other, in lexicographic order.

is mainly determined by the computation time t_{comp}, a STEP will be equivalent to^n � i=2 b_i time steps (excluding the DMA initialization and synchronization time). Thus, the total number

148 Scheduling onto a fixed number of homogeneous SMP nodes

of steps required for the completion of the execution will be

℘_{block−cyclic−overlap =} ℘_{BLOCK-CYCLIC-OVERLAP}^{n�}_{i=2 bi =} = �_n � i=2 � (⌈^{wSi}_{bi} ⌉ − 1)%m_ip_i + (⌈^{wSi}_{bimi} ⌉ − 1)%p_i � + w^S_1^n � i=2 ⌈^{wSi}_{bimipi} ⌉

�_n � i=2 b_i ⊣

Theorem 5.8 The makespan of block-cyclically assigning a rectangular tile space to SMP nodes, following the non-overlapping execution scheme, is:

℘_{block−cyclic−nonoverlap = C}^{� n�}_{i=2}^�_{(⌈}^{wS}i_{bi ⌉ − 1)%mipi}^�_{+ w}S_1^{n�}_{i=2⌈}^{wS}i_{bimipi ⌉}^�_{(5.12)}

where 1 ≤ C ≤^n � i=2 b_i.

Proof: As in the proof of theorem 5.7, in formula (5.3) we replace w^S_i with ⌈^{wSi}_{bi} ⌉, i = 2, . . . , n. Thus, we get:

℘_{BLOCK-CYCLIC-NONOVERLAP =}^{n�}_{i=2}^�_{(⌈}^{wS}i_{bi ⌉ − 1)%mipi}^�_{+ w}S_1^{n�}_{i=2⌈}^{wS}i_{bimipi ⌉}

In addition, as in the proof of theorem 5.6, a computation subSTEP is equivalent to^n � i=2 b_i

computation substeps, but a communication subSTEP is equivalent to less than^n � i=2 b_i communication substeps. In particular, if the communication load is equal along all communication dimensions (as resulted by the method proposed in [Xue97a]), the amount of data to be transferred, as indicated in Figure 5.6, is^n � i=2 b_i^n � i=2 1 (n−1)b_i ≤ n� i=2 b_i times the communication load of a tile. Thus, the makespan of the execution will be

℘_{block−cyclic−nonoverlap = C}℘_{BLOCK-CYCLIC-NONOVERLAP (where 1 ≤ C ≤}^{n�}_{i=2 bi) ⇒} ℘_{block−cyclic−nonoverlap = C}^{� n�}_{i=2}^�_{(⌈}^{wS}i_{bi ⌉ − 1)%mipi}^�_{+ w}S_1^{n�}_{i=2⌈}^{wS}i_{bimipi ⌉}^� ⊣

When the tile space is rectangular, the block cyclic assignment schedule can be implemented by the pseudocode of Table 5.3.

5.8 Implementation issues for non-rectangular tile spaces

As deduced from Tables 5.1, 5.3, the implementation of the proposed schedules onto a rectangular tile space space is quite simple and straightforward. However, concerning a non-rectangular tile

Table 5.3: Implementation of the block-cyclic assignment schedule when the tile space is rectangular Block-Cyclic Assignment - Rectangular Tile Space FOREACH CPU with coordinates (cpu id2, . . . , cpu idn) in SMP node with coordinates (smp id2, . . . , smp idn) DO FOR (tt2 = smp id2 ∗ b2 ∗ m2 + cpu id2 ∗ b2; tt2 < w^S_2 ; tt2+ = b2 ∗ m2 ∗ p2) FOR (tt3 = smp id3 ∗ b3 ∗ m3 + cpu id3 ∗ b3; tt3 < w^S_3 ; tt3+ = b3 ∗ m3 ∗ p3) FOR (t1 = 0; t1 < w^S_1 ; t1 + +){ Execute pre-computation part of Communication FOR (t2 = tt2; t2 < min(w^S_2 , tt2 + b2); t2 + +) FOR (t3 = tt3; t3 < min(w^S_3 , tt3 + b3); t3 + +){ Execute Computation of tile (t1, t2, t3) } Execute post-computation part of Communication }

space, an eventual implementation may be ine‹cient or crush, if some details are not taken into account.

5.8.1 Assigning as many neighboring tiles as possible to the same SMP node

According to the pseudocode of Table 5.1 for the cyclic assignment schedule, or of Table 5.3 for the block-cyclic one, we may assume that, when a non rectangular tile space is involved, formulas t_2 = l^S_2 + smp id_2m_2 + cpu id_2 and t_3 = l^S_3 + smp id_3m_3 + cpu id_3 or tt_2 = l^S_2 + smp id_2b_2m_2 + cpu id_2b_2 and tt_3 = l^S_3 + smp id_3b_2m_3 + cpu id_3b_3

respectively, should be employed for the calculation of the lower loop bounds. However, this allocation scheme would result to non-rectangular parts of the tile space being assigned to each SMP node. It would increase the communication load of the ˛nal parallel execution, as depicted in Figure 5.16(a).

In order to evict such an ine‹cient utilization of the bandwidth, we propose the use of function

adjust mod(l, α, β, b) = � ⌊^l_α ⌋α + β if ⌊^l_α ⌋α + β + b − 1 ≥ l ⌈^l_α ⌉α + β else

(5.13)

which results to the allocation scheme of Figure 5.16(b), if we replace the lower bounds of the respective loop indices by:

t_2 = adjust mod(l^S_2 , m_2p_2, smp id_2m_2 + cpu id_2, 1) t_3 = adjust mod(l^S_3 , m_3p_3, smp id_3m_3 + cpu id_3, 1)

Figure 5.16: Allocating a non-rectangular tile space to processors.

In this figure we have represented the projection of the tile space onto axis plane j^S_2 − j^S_3 . We indicate which processors undertake the boundary tiles, if we have a cluster of 2 × 2 SMP nodes, containing 2 × 2 processors each. Tiles, which are assigned to the same SMP node have been depicted using the same grey tone. We have also indicated the subsequent communication among tiles assigned to different SMP nodes, using black arrows. In subfigure (a) more data transfers are implied. Some neighboring tiles, which should exchange data are unnecessarily assigned to different SMP nodes.

or tt_2 = adjust mod(l^S_2 , b_2m_2p_2, smp id_2b_2m_2 + cpu id_2b_2, b_2) tt_3 = adjust mod(l^S_3 , b_3m_3p_3, smp id_3b_3m_3 + cpu id_3b_3, b_3)

It can be incorporated in the pseudocode as indicated in Tables 5.4 and 5.7.

5.8.2 Evicting deadlocks

In this section, we shall analyze the problem of deadlocks in case the Myrinet platform is used for the implementation, as in §5.6.1. Similar considerations should be taken when parallelizing in most platforms. Some of them may not imply the use of tokens, however, they will not be able to support an unlimited number of messages to be pending among processors.

Table 5.4: Implementation of the cyclic assignment schedule when the tile space is not rectangular Cyclic Assignment - Non Rectangular Tile Space FOREACH CPU with coordinates (cpu id2, . . . , cpu idn) in SMP node with coordinates (smp id2, . . . , smp idn) DO FOR (t2 = adjust mod(l^S_2 , m2 ∗ p2, smp id2 ∗ m2 + cpu id2, 1); t2 ≤ u^S_2 ; t2+ = m2 ∗ p2) FOR (t3 = adjust mod(l^S_3 , m3 ∗ p3, smp id3 ∗ m3 + cpu id3, 1); t3 ≤ u^S_3 ; t3+ = m3 ∗ p3) FOR (t1 = l^S_1 ; t1 ≤ u^S_1 ; t1 + +){ Execute pre-computation part of Communication Execute Computation of tile (t1, t2, t3) Execute post-computation part of Communication } where we have assumed that loop bounds l^S_2 , u^S_2 , l^S_3 , u^S_3 , l^S_1 , u^S_1 , have been recalculated, using Fourier Motzkin Elimination method [BW95], [Ban93], so as to be expressed in the order t_2, t_3, t_1

Table 5.5: Implementation of the cluster assignment schedule when the tile space is not rectangular Cluster Assignment - Non Rectangular Tile Space FOREACH CPU with coordinates (cpu id2, . . . , cpu idn) in SMP node with coordinates (smp id2, . . . , smp idn) DO FOR (t1 = l^S_1 ; t1 ≤ u^S_1 ; t1 + +){ Execute pre-computation part of Communication FOR (t2 = max(l^S_2 , min l^S_2 + (smp id2 ∗ m2 + cpu id2) ∗ ⌈^{max uS2 −min lS2 +1}_{m2∗p2} ⌉); t2 ≤ min(u^S_2 , min l^S_2 + (smp id2 ∗ m2 + cpu id2 + 1) ∗ ⌈^{max uS2 −min lS2 +1}_{m2∗p2} ⌉ − 1); t2 + +) FOR (t3 = max(l^S_3 , min l^S_3 + (smp id3 ∗ m3 + cpu id3) ∗ ⌈^{max uS3 −min lS3 +1}_{m3∗p3} ⌉; t3 ≤ min(u^S_3 , min l^S_3 + (smp id3 ∗ m3 + cpu id3 + 1) ∗ ⌈^{max uS3 −min lS3 +1}_{m3∗p3} ⌉ − 1); t3 + +){ Execute Computation of tile (t1, t2, t3) } Execute post-computation part of Communication } where min l_2 = min(l_2(t_1)) and max u_2 = max(u_2(t_1)). Similarly, min l_3 = min(l_3(t_1, t_2)) and max u_3 = max(u_3(t_1, t_2)). These values can be calculated by applying Fourier Motzkin Elimination method [BW95], [Ban93] to the tile space boundaries, considering that outermost loop indices are t_2, t_3, respectively.

152 Scheduling onto a fixed number of homogeneous SMP nodes

Table 5.6: Implementation of the mirror assignment schedule when the tile space is not rectangular Mirror Assignment - Non Rectangular Tile Space FOREACH CPU with coordinates (cpu id2, . . . , cpu idn) in SMP node with coordinates (smp id2, . . . , smp idn) DO FOR (x2 = 0; x2 ≤ ⌈^{uS2 −lS2 +1}_{m2∗p2} ⌉ − 1; x2 + +){ t2 = l^S_2 + x2 ∗ m2 ∗ p2 + (1 − x2%2) ∗ (smp id2 ∗ m2 + cpu id2)+ +(x2%2) ∗ (m2 ∗ p2 − 1 − smp id2 ∗ m2 − cpu id2);

IF (l^S_2 ≤ t2 ≤ u^S_2 )

FOR (x3 = 0; x3 ≤ ⌈^{max uS3 −min l3+1}

m3∗p3 ⌉ − 1; x3 + +){

t3 = min l3 + x3 ∗ m3 ∗ p3 + (1 − x3%2) ∗ (smp id3 ∗ m3 + cpu id3)+ +(x3%2) ∗ (m3 ∗ p3 − 1 − smp id3 ∗ m3 − cpu id3);

IF (l3 ≤ t3 ≤ u^S_3 )

FOR (t1 = l^S_1 ; t1 ≤ u^S_1 ; t1 + +){

Execute pre-computation part of Communication Execute Computation of tile (t1, t2, t3) Execute post-computation part of Communication } } } As in Table 5.4, we have assumed that loop bounds l^S_2 , u^S_2 , l^S_3 , u^S_3 , l^S_1 , u^S_1 , have been recalculated, so as to be expressed in the order t_2, t_3, t_1.

Table 5.7: Implementation of the block-cyclic assignment schedule when the tile space is not rectangular Block-Cyclic Assignment - Non Rectangular Tile Space FOREACH CPU with coordinates (cpu id2, . . . , cpu idn) in SMP node with coordinates (smp id2, . . . , smp idn) DO FOR (tt2 = adjust mod(l^S_2 , b2 ∗ m2 ∗ p2, smp id2 ∗ b2 ∗ m2 + cpu id2 ∗ b2, b2); tt2 ≤ u^S_2 ; tt2+ = b2 ∗ m2 ∗ p2) FOR (tt3 = adjust mod(ll^S_3 , b3 ∗ m3 ∗ p3, smp id3 ∗ b3 ∗ m3 + cpu id3 ∗ b3, b3);

tt3 ≤ uu^S_3 ; tt3+ = b3 ∗ m3 ∗ p3) FOR (t1 = ll^S_1 ; t1 ≤ uu^S_1 ; t1 + +){

Execute pre-computation part of Communication FOR (t2 = max(l^S_2 , tt2); t2 ≤ min(u^S_2 , tt2 + b2 − 1); t2 + +) FOR (t3 = max(l^S_3 , tt3); t3 ≤ min(u^S_3 , tt3 + b3 − 1); t3 + +){ if l^S_1 (t2, t3) ≤ t1 ≤ u^S_1 (t2, t3) Execute Computation of tile (t1, t2, t3) } Execute post-computation part of Communication } As in Table 5.4, we have assumed that loop bounds l^S_2 , u^S_2 , l^S_3 , u^S_3 , l^S_1 , u^S_1 , have been recalculated, so as to be expressed in the order t_2, t_3, t_1. In addition, bound ll^S_3 (tt_2) is calculated by formula giving l^S_3 (t_2), if we replace t_2 with tt_2, if its multiplying factor is positive, or with tt_2 + b_2 − 1, if its multiplying factor is negative. That is, we replace each at_2 with max(a, 0)tt_2 + min(a, 0)(tt_2 + b_2 − 1). Similarly, uu^S_3 (tt_2) is calculated by the formula giving u^S_3 (t_2), if we replace each at_2 with min(a, 0)tt_2 + max(a, 0)(tt_2 + b_2 − 1). Limits ll^S_1 (tt_2, tt_3) and uu^S_1 (tt_2, tt_3) are calculated in the same way.

When using Myrinet-GM [Myr02], the receive event queue provides 317 tokens per port, 254 for receive events and 63 for send events. However, when implementing a cyclic assignment schedule (or a block-cyclic one), as in Figure 5.17, it is strongly possible that more than 254 receive events have arrived before the ˛rst of them is necessary for the node to go on with computations. In the case of a rectangular tile space, this problem can be easily coped with as follows: Before the computation of a tile each CPU may check for pending events, whether it needs for data in order to go on, or not.

Figure 5.17: Time distance between the arrival of an event and the use of data it carries. Since the mapping direction of the tile space is too short in this example, only 3 events will remain pending until time step 8, when the execution of the second chunk of tiles starts in SMP node 0. The longer dimension j^S_1 will be, the more events will be pending.

In the case of a non-rectangular tile space, the implementation is not so simple. As shown in Figure 5.18 and argued in the caption below, deadlocks in a non-rectangular tile space cannot be coped with by simply checking the event queue before the execution of a tile. In Figure 5.18, CPU 0 of node 1 is stalled.

A possible solution of this problem is as follows: When starting the execution of a row of tiles, each thread, which is possible to receive data, should create an assistant thread. It checks for pending events in the receive event queue and if it ˛nds one, the event is processed and a new receive token is made available. If there are no receive events in the queue, the CPU is yielded to the main thread. So, if the assistant thread is useless, as in the case of a rectangular tile space, it will not considerably slow down the execution of the main thread.

5.8.3 Simulation Data

In order to study the behavior of the block-cyclic assignment scheme, we have constructed a simulation program. It really creates so many threads, as the processors of the cluster are

Figure 5.18: Deadlocks in the execution of non-rectangular tile space. In this figure, the projection of the tile space onto axis plane j^S_2 − j^S_3 is presented. While CPU 1 of SMP node 1 is computing the row of tiles labelled as C and filling in the receive buffers of node 0, CPU 0 of the node 1 is stalling on a barrier between rows B and E. At the same time, the data arriving from the neighboring node 0, due to the computation of row A, are likely to fill in the receive buffers and use up the receive tokens of node 1. However, if the computation of row A does not finish, the computation of row F will never start, so as to restore the receive tokens needed for row C.

supposed to be. It acts as if traversing the tile space, but instead of executing computations, it adds a time interval to the time previous computations have been computed and necessary data have arrived. Instead of exchanging data, threads exchange the time instances each tile and its subsequent communication are supposed to complete. Thus, we may experiment with all tile spaces and with underlying architectures that we do not have really available. We may set the communication characteristics to resemble any slow or fast network architecture.

Alternative Direction Implicit Integration (ADI)

First, we experimented with the Alternative Direction Implicit Integration (ADI) benchmark. The code segment which implies the main computational load and which deserves parallelization is given by the following nested for-loop:

for (t=0; t≤T-1; t++)

for (i=0; i≤I-1; i++) for (j=0; j≤J-1; j++){ X[t,i,j]=X[t-1,i,j]+X[t-1,i,j-1]*A[i,j]/B[t-1,i,j-1]- X[t-1,i-1,j]*A[i,j]/B[t-1,i-1,j];

B[t,i,j]=B[t-1,i,j]-A[i,j]*A[i,j]/B[t-1,i,j-1] -A[i,j]*A[i,j]/B[t-1,i-1,j]; }

The dependence matrix of this code segment is

D = � � � � 1 1 1 0 1 0 0 0 1

� � � �

One of the optimal tiling matrices, according to communication minimization criteria [Xue97a], can be proven to be P = � � � 10 10 10 0 10 0 0 0 10

� � �

After applying this tiling transformation, to the initial code segment with I=J=200 and T=1000, the tiled code segment can be rewritten as follows:

for (ii=0; ii≤19; ii++) for (jj=0; jj≤19; jj++) for (tt=-2-ii-jj; tt≤99-ii-jj; tt++){ Work with tile (tt, ii, jj) } We simulated the execution of this code segment on a cluster with a ˛xed number of SMP nodes and a ˛xed number o CPUs inside each node. We tested all possible values of parameters p_i, m_i, b_i, so as to locate those characteristics that give the best performance. In the following diagrams (Figures 5.19-5.22(b)) we have used the ratio^{Speedup}

Number of P rocessors Used as an index of

the e‹ciency of a schedule. The maximum value of this fraction may theoretically equal to 1. The closer to 1 ratio^{Speedup}

Number of P rocessors Used is, the more e‹cient the respective schedule is

considered.

In this benchmark the number of tiles of each row (ii, jj) is constant (equal to 102). Thus, the computation load of the algorithm is evenly distributed to processors i¸ the rows of tiles are evenly distributed. As an indicator of load balance along dimension i, we have used function

bal_i = � 0 if p_im_i = 1 (w_i − ⌊^{wi}_{pimibi} ⌋p_im_ib_i)b_i else

The outcome of this function is equal to 0 i¸ the rows of tiles are evenly distributed to processors. As a global indicator of load balance, we have used function

bal = � bal_i

As deduced from Figure 5.19, load balance is necessary and su‹cient for achieving the optimal performance when we a¸ord just one SMP node. Otherwise, as deduces from Figures 5.20(a),

Figure 5.19: Simulation Data: Execution of ADI onto a shared memory multiprocessor. Ratio^{Speedup}

Number of P rocessors Used is plotted as a function of an index indicating load balance. The

optimal performance is achieved when this index indicates a perfect load balance.

5.21(a), 5.22(a), 5.23(a), 5.24(a), 5.25(a), load balance is necessary, but not su‹cient for achieving the optimal speedup.

In order to model the data transfer load along dimension i, we have used function

comm_i = −1 + � 1 if p_i = 1 ⌈^{wi}_{pimibi} ⌉ else

The total communication load is modelled by function

comm = � (comm_i � j≠i

w_j)

It can be easily deduced from Figures 5.23(b), 5.24(b), 5.25(b) that, when the non-overlapping execution policy is followed, it is necessary to minimize the communication load, in order to achieve the optimal speedup. When the overlapping execution policy is followed, we did not notice such a relation between communication load and speedup.

In Figures 5.20(b), 5.21(b), 5.22(b), 5.23(c), 5.24(c), 5.25(c), we have used value 0 for the horizontal axis when both load balance and communication indices equal to 0 and value 1

(a) A perfect load balance is necessary, but not su‹cient for achieving the optimal speedup.

(b) The optimal speedup is achieved when the computation load is evenly distributed among processors and the communication load is minimized.

Figure 5.20: Simulation Data: Execution of ADI onto a cluster of 2 SMP nodes, following the overlapping execution policy

otherwise. We conclude that almost always the speedup is optimal when both load balance and communication criteria are ful˛lled. This holds even for the overlapping execution policy, although we did not ˛nd out a direct dependence between communication load and speedup.

In Tables 5.8-5.9, we have indicated the maximum values of ratio^{Speedup}_{Number of P rocessors Used} along with the virtual grid con˛guration and the blocking parameters used. Notice that, for a non negligible value of the time needed for synchronization and overlapped communication, the blocking parameters and grid con˛guration, that give the optimal performance are almost identical for both the overlapping and the non-overlapping execution policies. In such rectangular tile spaces, we should use the cluster assignment scheme, at least along dimensions with more than one SMP nodes. In comparison to the simulations conducted in §5.6.3, notice that now we have used a non negligible value for the times needed for synchronization and for the initialization of communication, so as to predict the performance of slower than Myrinet interconnection technologies.

(a)

(b) Figure 5.21: Simulation Data: Execution of ADI onto a cluster of 4 SMP nodes, following the overlapping execution policy

Table 5.8: ADI - Simulation Data The maximum values of ratio (Speedup)/(Number of P rocessors Used) are achieved when the cluster assignment scheme is followed.

p_2 p_3 m_2 m_3 b_2 b_3 Speedup/processors 1 SMP × 2 CPUs 1 1 1 2 20 10 0.99996 1 1 2 2 10 10 0.99987 1 SMP × 4 CPUs 1 1 1 4 20 5 0.99985 1 1 4 1 5 20 0.99985 1 1 2 4 10 5 0.99960 1 SMP × 8 CPUs 1 1 4 2 5 10 0.99960 1 1 2 4 5 5 0.99910 1 1 4 2 5 5 0.99910 1 1 1 10 20 2 0.99963 1 SMP × 10 CPUs 1 1 10 1 2 20 0.99963 1 1 2 5 10 4 0.99950 1 1 5 2 4 10 0.99950

Gauss Successive Over-Relaxation (SOR)

In the sequel, we experimented with the Gauss Successive Over-Relaxation (SOR) benchmark. The code segment which implies the main computational load and which deserves parallelization

(a)

(b) Figure 5.22: Simulation Data: Execution of ADI onto a cluster of 8 SMP nodes, following the overlapping execution policy

is given by the following nested for-loop:

for (t=0; t≤T-1; t++)

for (i=0; i≤I-1; i++) for (j=0; j≤J-1; j++){ A[t,i,j]=^w_4 (A[t,i-1,j]+A[t,i,j-1]+A[t-1,i+1,j]+A[t-1,i,j+1])+ (1 − w)A[t-1,i,j] } The dependence matrix of this code segment is

D = � � � � 1 0 0 1 1 0 1 0 −1 0 0 0 1 0 −1

� � � �

One of the optimal tiling matrices, according to communication minimization criteria [Xue97a], can be proven to be P = � � � 10 10 −10 −10 0 10 0 −10 10

� � �

(a) A perfect load balance is necessary, but not su‹cient for achieving the optimal speedup.

(b) The minimization of the communication load is necessary, but not su‹cient for achieving the optimal speedup.

(c) The optimal speedup is achieved when the computation load is evenly distributed among processors and the communication load is minimized.

Figure 5.23: Simulation Data: Execution of ADI onto a cluster of 2 SMP nodes, following the non-overlapping execution policy

After applying this tiling transformation, to the initial code segment with I=J=200 and T=1000, the tiled code segment can be rewritten as follows:

for (ii=0; ii≤119; ii++) for (jj=ii; jj≤ii+20; jj++) for (tt=max(0, jj-20, -ii+jj-1); tt≤min(119, jj, -ii+jj+100); tt++){ Work with tile (tt, ii, jj) }

(a)

(b)

(c) Figure 5.24: Simulation Data: Execution of ADI onto a cluster of 4 SMP nodes, following the non-overlapping execution policy

As in the case of the ADI benchmark, we simulated the execution of this code segment on a cluster with a ˛xed number of SMP nodes and a ˛xed number o CPUs inside each node. We tested all possible values of parameters p_i, m_i, b_i, so as to locate the con˛guration that gives the best performance. In Tables 5.10, 5.11, 5.12 we have used the ratio^{Speedup}_{Number of P rocessors Used} as an index of the e‹ciency of a schedule. The maximum value of this fraction may theoretically equal to 1. The closer to 1 ratio^{Speedup}

Number of P rocessors Used is, the more e‹cient the respective

schedule is considered.

For each cluster size, we have denoted the con˛guration that gives the best performance. Then, we have indicated the optimal cyclic con˛guration and the optimal cluster con˛guration.

(a)

(b)

(c) Figure 5.25: Simulation Data: Execution of ADI onto a cluster of 8 SMP nodes, following the non-overlapping execution policy

In the last column of Tables 5.10, 5.11, 5.12 we have indicated the percent reduction in e‹ciency of the cyclic or cluster schedule, in comparison to the optimal block-cyclic schedule.

One can easily deduce that for such a non-rectangular tile space, the cluster assignment schedule is totally out of a question. This is due to the fact that when a processor starts executing the tiles assigned to it, the processors that have previously started executing computations, have almost ˛nished with them. Thus, the execution of the tile space is almost not parallelized.

On the other hand, when the overlapping execution policy is followed, the cyclic assignment schedule can achieve an almost optimal performance, as deduced from Table 5.11. When the non-overlapping execution scheme is followed, the cyclic assignment schedule may be up to 26%

Table 5.9: ADI - Simulation Data The maximum values of ratio (Speedup)/(Number of P rocessors Used) are achieved when the cluster assignment scheme is followed, at least along dimensions with more than one SMP nodes.

Speedup/processors p_2 p_3 m_2 m_3 b_2 b_3 Non-overlapping Overlapping 1 2 1 1 1 10 0.976 0.998 2 SMPs × 1 CPU 2 1 1 1 10 1 0.976 0.998 1 2 1 1 2 10 0.976 0.998 2 1 1 1 10 2 0.976 0.998 1 2 2 1 2 10 0.975 0.997 2 SMPs × 2 CPUs 2 1 1 2 10 2 0.975 0.997 1 2 2 1 5 10 0.975 0.997 2 1 1 2 10 5 0.975 0.997 1 2 4 1 5 10 0.975 0.997 2 SMPs × 4 CPUs 2 1 1 4 10 5 0.975 0.997 1 2 4 1 1 10 0.975 0.996 2 1 1 4 10 1 0.975 0.996 1 2 4 2 5 5 0.950 0.994 2 SMPs × 8 CPUs 2 1 2 4 5 5 0.950 0.994 1 2 4 2 1 5 0.949 0.991 2 1 2 4 5 1 0.949 0.991 2 2 1 1 10 10 0.949 0.991 1 4 1 1 1 5 0.91 0.99 4 1 1 1 5 1 0.91 0.99 4 SMPs × 1 CPU 1 4 1 1 2 5 0.909 0.99 4 1 1 1 5 2 0.909 0.99 1 4 1 1 4 5 0.907 0.989 4 1 1 1 5 4 0.907 0.989 2 2 1 2 10 5 0.926 0.99 4 SMPs × 2 CPUs 2 2 2 1 5 10 0.926 0.99 1 4 2 1 2 5 0.908 0.989 4 1 1 2 5 2 0.908 0.989 1 4 4 1 1 5 0.908 0.988 4 1 1 4 5 1 0.908 0.988 4 SMPs × 4 CPUs 1 4 4 1 5 5 0.906 0.988 2 2 2 2 5 5 0.906 0.988 4 1 1 4 5 5 0.906 0.988 2 4 1 1 10 5 0.882 0.983 4 2 1 1 5 10 0.882 0.983 8 SMPs × 1 CPU 2 4 1 1 5 5 0.847 0.979 4 2 1 1 5 5 0.847 0.979 2 4 1 1 2 5 0.751 0.964 4 2 1 1 5 2 0.751 0.964 8 SMPs × 2 CPUs 2 4 2 1 5 5 0.866 0.982 4 2 1 2 5 5 0.866 0.982

Table 5.10: SOR - Simulation Data p_2 p_3 m_2 m_3 b_2 b_3 Speedup/processors Efficiency reduction 1 1 1 2 120 5 0.999421271 1 SMP × 2 CPUs 1 1 2 1 1 1 0.988251853 1.2% 1 1 2 1 60 140 0.534139023 47% 1 1 4 1 1 140 0.997985691 1 SMP × 4 CPUs 1 1 4 1 1 1 0.987554938 1% 1 1 4 1 30 140 0.309307308 69% 1 1 8 1 1 140 0.989166534 1 SMP × 8 CPUs 1 1 8 1 1 1 0.978837276 1% 1 1 8 1 15 140 0.216077827 78% 1 1 10 1 1 10 0.980911549 1 SMP × 10 CPUs 1 1 10 1 1 1 0.971447503 1% 1 1 10 1 12 140 0.198010851 80%

Table 5.11: SOR - Simulation Data, following the overlapping execution policy p_2 p_3 m_2 m_3 b_2 b_3 Speedup/processors Efficiency reduction 2 1 1 1 5 1 0.987745575 2 SMPs × 1 CPU 2 1 1 1 1 1 0.954850866 3.3% 2 1 1 1 60 140 0.53174481 46% 2 1 1 2 6 1 0.984724165 2 SMPs × 2 CPUs 2 1 2 1 1 1 0.970604098 1.4% 2 1 2 1 30 140 0.308091238 69% 2 1 2 2 2 1 0.972011902 2 SMPs × 4 CPUs 2 1 4 1 1 1 0.962034972 1% 2 1 4 1 15 140 0.215110584 78% 2 1 2 4 3 1 0.923522467 2 SMPs × 8 CPUs 2 1 4 2 1 1 0.910115457 1.5% 2 1 8 1 8 140 0.166069888 82% 4 1 1 1 2 1 0.970575774 4 SMPs × 1 CPU 4 1 1 1 1 1 0.954196445 1.7% 4 1 1 1 30 140 0.305305101 69% 4 1 1 2 2 1 0.963700266 4 SMPs × 2 CPUs 4 1 2 1 1 1 0.961991687 0.18% 4 1 2 1 15 140 0.213112999 78% 4 1 1 4 3 1 0.918472758 4 SMPs × 4 CPUs 4 1 2 2 1 1 0.910052738 0.92% 4 1 4 1 8 140 0.164702948 82% 8 1 1 1 1 1 0.945760927 8 SMPs × 1 CPU 8 1 1 1 1 1 0.945760927 0% 8 1 1 1 15 140 0.208689671 78% 8 1 1 2 2 1 0.895967945 8 SMPs × 2 CPUs 8 1 1 2 1 1 0.895508695 0.05% 8 1 2 1 8 140 0.161913245 82%

slower than the block-cyclic assignment schedule. This is due to the fact that it imposes a very

Table 5.12: SOR - Simulation Data, following the non-overlapping execution policy p_2 p_3 m_2 m_3 b_2 b_3 Speedup/processors Efficiency reduction 2 1 1 1 8 1 0.933471933 2 SMPs × 1 CPU 1 2 1 1 1 1 0.687822177 26% 1 2 1 1 120 70 0.516923785 45% 2 1 1 2 8 1 0.931415461 2 SMPs × 2 CPUs 2 1 2 1 1 1 0.804743867 14% 2 1 2 1 30 140 0.297544003 68% 2 1 1 4 9 1 0.915342071 2 SMPs × 4 CPUs 2 1 4 1 1 1 0.797715939 13% 2 1 4 1 15 140 0.206804037 77% 2 1 2 4 4 1 0.872820864 2 SMPs × 8 CPUs 2 1 4 2 1 1 0.761663718 13% 2 1 8 1 8 140 0.159950583 82% 4 1 1 1 4 1 0.852477691 4 SMPs × 1 CPU 4 1 1 1 1 1 0.678914342 20% 1 4 1 1 120 35 0.276955342 68% 4 1 1 2 4 1 0.847714428 4 SMPs × 2 CPUs 4 1 2 1 1 1 0.797329214 5.9% 4 1 2 1 15 140 0.18935053 78% 4 1 1 4 4 1 0.832239744 4 SMPs × 4 CPUs 4 1 2 2 1 1 0.761153699 8.5% 4 1 4 1 8 140 0.146127364 82% 4 2 1 1 4 4 0.765480087 8 SMPs × 1 CPU 8 1 1 1 1 1 0.672901118 12% 8 1 1 1 15 140 0.164661875 78% 8 1 1 2 2 1 0.742509583 8 SMPs × 2 CPUs 8 1 2 1 1 1 0.731556309 1.5% 8 1 2 1 8 140 0.130694603 82%

dense communication pattern. Thus, the block-cyclic assignment scheme achieves the happy medium between communication load and concurrent execution on di¸erent processors.

166 Scheduling onto a fixed number of homogeneous SMP nodes

6 Conclusion

In this thesis, we have added some notions to the di‹cult problem of automatic parallelization of nested for-loops.

In [GAK03], [GDAK02a], [GDAK04], a complete framework for automatically producing parallel SPMD code has been presented. However, we assumed that there are always as many processors as needed, or, that processes are scheduled by the operating system on the available processors. However, as explained in §5.1, this scheduling may not be optimal. Chapter 5 of this thesis is now presenting a solution to this problem. In addition, we had not taken into account multi-level parallel architectures. This case is coped with by Chapter 4 and §3.3 of this thesis.

In [Sot04], Sotiropoulos has presented an innovating parallel scheduling, which can exploit advanced communication features of modern clusters, such as Direct Memory Accessing and Zero-Copy protocols [KSG03], [GSK01]. This thesis is now modifying the schedule proposed by Sotiropoulos, in order to exploit the proximity of processors within the same SMP node.

Thus, this thesis can be considered as the last among realized steps for the parallelization of nested for-loops:

1. First of all, one should conduct a dependence analysis of the code segment, as described in [Ban88], [Pug92]. We assume that this step gives uniform dependences, as described in §2.3 and in §B.2.

2. Then, we select the optimal tiling, according to cache locality or communication overhead minimization criteria, as described in [KRC99], [LRW91], [WL91a], [PHP03], [MHCF98] and [AKN95], [RR02], [BDRR94], [Xue97a], [Xue00], [RR04].

3. Sequential code is converted to serial tiled code, according to the tiling transformation selected in step 2, as described in [GAK02b], [GAK03] and in §3.2 of this thesis. This conversion is consisted of two substeps:

168 Conclusion

(a) Producing the bounds of the tile space from the bounds of the iteration space (§3.2.1) and (b) Producing the appropriate boundary expressions for traversing the internal of each tile, as well as determining the incremental steps of each loop index (§3.2.2).

4. A communication policy (overlapping or non-overlapping) may be selected [GSK01], [KSG03], according to the hardware technology that will be used. If the network interconnection supports Direct Memory Access (DMA) protocols, we highly recommend the selection of the overlapping communication policy. If DMA is not supported by hardware, then overlapping communication will not be really implemented. Thus, writing code for overlapping communication over this hardware architecture will only introduce unnecessary delays to the ˛nal program.

5. If our cluster is consisted by Symmetric Multiprocessors (SMPs), then the proximity of processors in the same SMP node can be exploited by applying a grouping transformation to the tile space, produced in step 3a, and then scheduling groups instead of tiles, as described in [ASTK02b], [AST^+05] and in Chapter 4 of this thesis.

6. If the number of rows of tiles produced by step 3a exceeds the number of CPUs available, then it is advised to apply a static scheduling of tiles or groups, as described in [AKK04] and in Chapter 5 of this thesis. If the tile space (step 3a) is rectangular, then we need not take into account load balancing issues. Thus, we may select between the cyclic assignment schedule (§5.2) and the cluster assignment schedule (§5.4). The cyclic assignment schedule is preferable when the overlapping communication policy has been selected in step 4, while cluster assignment schedule is preferable when the non-overlapping communication policy has been selected. If the tile space is not rectangular, then the block-cyclic assignment schedule constitutes a useful compromise of the advantages and disadvantages of cyclic and cluster assignment schedules.

7. Finally, serial tiled code, produced in step 3, can be converted into parallel code, taking into account the decisions of steps 4, 5, 6, and allocating data to processes, as described in [GDAK02a], [Gou03] and in §3.3 of this thesis.

Although a lot of research has been conducted in this area, we cannot yet automatically produce optimal parallel tiled code for the execution of code segments with nested for-loops onto parallel architectures.

• First of all, we have not yet investigated the interaction among the tile selection techniques (step 2) and subsequent steps (4, 5, 6). It is strongly possible that the application of di¸erent communication policies or assignment schemes will modify the criteria for the selection of the optimal tiling transformation. Thus, maybe an overall analysis of problems corresponding to steps 2, 4, 5 and 6 would modify the ˛nal parallel code produced in step 7.

• In addition, we may incorporate in the previous procedure the data layout and indexing techniques described in [AK04], [AKT05]. In these papers, E. Athanasaki et al. have presented an alternative array data layout, which stores array elements in memory in the order they are fetched in cache by the tiled nested for-loop code segment. Then, the combination of parallelization and peak cache performance is expected to further boost the e‹ciency of the ˛nal parallel code. However, incorporating these techniques, will add one more parameter in the tile selection methods applied in step 2.

• Another issue that has not been yet investigated is false sharing inside SMP nodes ([CS99], pages 123-156, [TLH94], [KCRB03]). Is there such a possibility? How can it be evicted? Since tiling has initially been designed for parallelization onto clusters with distributed memory, or for exploiting cache locality on single processing units, these questions have not been yet addressed in the literature.

• Furthermore, one should ˛nd out if these techniques can be applied to code segments with imperfectly nested for-loops. As described in [AMP00b], [AMP00a], [Xue96], [SL99], [Kul98], [LLL01], every imperfectly nested for-loop can be converted into perfectly nested for-loop, using if statements. However, the techniques described in the above papers are mainly aimed for cache locality optimization, not for parallelism. The computation load of iterations will not be equal. Thus, tiling into equal sized tiles will result into computation load imbalance. On the other hand, the results of this thesis and of referenced related work have been based on the assumptions that tiles are identical.

• Similarly, if the computing system is heterogeneous, tiling into identical tiles will not give equal computation times for all of them. This fact will not be consistent with the underlying assumptions of this thesis and of referenced related work. Then, the techniques presented in this thesis might be combined or enhanced with the ones proposed in [Mor98], [KP96], [CZL95], [CZL97]. However, the methods proposed by above papers cannot replace the schemes proposed in this thesis, since, they concern the parallelization of doall loops ([CZL95], [CZL97]), or employ a dynamic scheduling algorithm ([KP96]).

• In order to further reduce the execution time of parallel programs on SMP nodes, we should also query which CPUs of an SMP node should communicate with other SMP nodes. Should each CPU exchange data that concern only its own work? Or should a single processor undertake the communication needed for the whole SMP node? In case the second possibility is taken, how shall we balance the computation+communication load of CPUs?

170 Conclusion

Appendices

A Summary of Notations

Symbol Explanation Page N set of natural numbers 12 N^∗ set of natural numbers, excluding 0, N^∗ = N − {0} 12 Z set of integer numbers 12 Z^∗ set of integer numbers, excluding 0, Z^∗ = Z − {0} 12 n Dimensions of the iteration space 12 J^n Iteration space 13 ⃗j = (j_1, . . . , j_n) Iteration coordinates vector 12 J^S Tile space 30 ⃗jS = (jS_1 , . . . , jS_n ) Tile coordinates vector: ⃗jS = ⌊H⃗j⌋ 30 T OS Tile origin space 30 ⃗j_0 = (j_{01}, . . . , j_{0n}) Tile origin 30 T IS Tile iteration space 30 T T IS Transformed tile iteration space 59 ⃗j′ = (j′_1, . . . , j′_n) Instance of the transformed tile iteration space 63 ⃗j′ = H′(⃗j − ⃗j_0) ⇔ ⃗j = P ′(V ⃗jS + ⃗j′) DS Data space DS = {f_w(⃗j)|⃗j ∈ J^n} 75 LDS Local data space 78

LDS = � ⃗j′′ ∈ Zn| 0 ≤ j^{′′k} < off^k + m^kv^{kk}/

~h′_{kk}, k = 1, . . . , n, k ≠ i ∧0 ≤ j^{′′}_i < off_i + |t|v_{ii}/ ~h^′_{ii} �

⃗j′′ = (j′′_1 , . . . , j′′_n) Instance of the local data space ⃗j′′ = map(⃗j′, t) 78 J^G Group space 90 ⃗jG = (jG_1 , . . . , jG_n ) Group coordinates vector ⃗jG = ⌊HG ⃗jS⌋ 90

174 Summary of Notations

Symbol Explanation Page H Tiling matrix 28 g Smallest natural number such that gH is an integer matrix 31 P Inverse tiling matrix 28 V Diagonal matrix with v_{kk} the smallest integer such that 61 v_{kk} ⃗h_k to be integral H^′ Transformation matrix from TIS to TTIS (H^′ = V H) 59 P^′ Transformation matrix from TTIS to TIS (P^′ = H^{′−1}) 59 ~H′ Hermite normal form of matrix H′ 61 H^G Grouping matrix 90 P^G Inverse grouping matrix 90 D Dependence matrix 16 D^′ Transformed dependence matrix D^′ = H^′D D^S Tile dependence matrix 32 Π Linear time scheduling vector 19 Π^G Linear time scheduling vector concerning groups 98 m = m_1 × · · · × m_{i−1}× Number of CPUs inside an SMP node 75, 93 ×m_{i+1} × · · · × m_n p = p_1 × · · · × p_{i−1}× Number of available SMP nodes 127 ×p_{i+1} × · · · × p_n ⃗ smp id SMP node identi˛cation vector 75 ⃗cpu id processor identi˛cation vector inside an SMP node 75 ⃗pid global processor identi˛cation vector 75 pid_x = pid_x = cpu id_x + smp id_xm_x ⇔ cpu id_x = pid_x%m_x, smp id_x = ⌊pid_x/m_x⌋

℘_{Makespan = Number of time steps needed for the completion 20}

of the execution i The longest dimension of the tile space 76, 108 l_k, u_k Lower and upper bounds of the iteration space k = 1, . . . , n 12 l^S_k , u^S_k Lower and upper bounds of the tile space k = 1, . . . , n 30 w^S_k Width of a rectangular tile space along dimension k, 101 w^s_k = u^s_k − l^S_k + 1, k = 1, . . . , n

B Algorithmic Model - Summary of assumptions

B.1: We consider an n-dimensional perfectly nested for-loop:

for (j_1=l_1; j_1 ≤ u_1; j_1 + +){ ... for (j_n=l_n; j_n ≤ u_n; j_n + +){ Loop Body } ... } where l_1 and u_1 are integer parameters, l_k and u_k (k = 2, . . . , n) are functions of the outer loop indices. Speci˛cally, they may have the form:

l_k = max(⌈f_{k1}(j_1, . . . , j_{k−1})⌉, . . . , ⌈f_{kr}(j_1, . . . , j_{k−1})⌉)

and u_k = min(⌊g_{k1}(j_1, . . . , j_{k−1})⌋, . . . , ⌊g_{kr}(j_1, . . . , j_{k−1})⌋),

where f_{ki} and g_{ki} are a‹ne functions. (see page 12)

B.2: All dependence vectors are uniform, i.e. independent of the indices of computations. (see page 16)

B.3: There are at least n linearly independent dependence vectors. Thus, the class of depen-

176 Algorithmic Model - Summary of assumptions

dence matrix D equals to n. (see page 29)

B.4: Anti-dependences and output dependences have been eliminated using more variables [CDRV98]. (see page 16)

B.5: All dependence vectors are smaller than the tile size, thus they are entirely contained in each tile’s area. This means that the tile dependence matrix D^S contains only 0’s and 1’s. (see page 33)

B.6: The processing architecture consists of an homogeneous cluster of single CPU or SMP nodes. (see page 75)

C Simple Mathematical Formulas

Lemma C.1 If all n points ⃗y_i, i = 1, . . . , n belong to a convex space J^n, then every point

⃗y = a_1 ⃗y_1 + · · · + a_n ⃗y_n (C.1)

where a_i ∈ [0, 1] and a_1 + · · · + a_n = 1, belongs to J^n.

Geometrically, this statement can be expressed as follows: If all points ⃗y_i, i = 1, . . . , n belong to a convex space J^n, then all points located among them belong to J^n.

Proof: If all points ⃗y_i, i = 1, . . . , n belong to J^n, then it holds B ⃗y_i ≤ ⃗b for all i = 1, . . . , n. Consequently, B⃗y =^n � i=1 a_iB ⃗y_i ≤^n � i=1 a_i⃗b = ⃗b. Thus, point ⃗y also belongs to J^n. ⊣

Lemma C.2 Function f(x_1, . . . , x_n) = x_1 + · · · + x_n,

where x_1 × · · · × x_n = c and x_1, . . . , x_n > 0, is minimized when

x_1 = · · · = x_n = c^{1n}

Proof: Function f(x_1, . . . , x_n) = x_1 + · · · + x_n, where x_1 × · · · × x_n = c ⇒ x_n =^c_{x1×···×xn−1} , can be rewritten as follows:

f(x_1, . . . , x_{n−1}) = x_1 + · · · + x_{n−1} + c x_1 × · · · × x_{n−1} .

Therefore^{∂f}_{∂xn−1} = 1 −^c_{x1×···×xn−2} x^{−2}_{n−1} and^{∂2f}_{∂x2n−1} > 0, ∀x_{n−1}.

178 Simple Mathematical Formulas

Thus, function f(x_1, . . . , x_{n−1}) is minimized in respect to the value of x_{n−1} when^{∂f}_{∂xn−1} =

0 ⇒ x_{n−1} =

�_c

x_1×···×x_{n−2}

� 1_2

. For this value of x_{n−1} we can write:

f(x_1, . . . , x_{n−2}) = x_1 + · · · + x_{n−2} + 2 � c x_1 × · · · × x_{n−2}

� 1_2 . After we have eliminated variables x_{n−i+1}, . . . , x_n this way, we conclude that function f can be expressed as

f(x_1, . . . , x_{n−i}) = x_1 + · · · + x_{n−i} + i � c x_1 × · · · × x_{n−i}

� 1_i .

Therefore^{∂f}_{∂xn−i} = 1 −

�_c

x_1×···×x_{n−i−1}

� 1_i x^{− i+1i}_{n−i} and^{∂2f}_{∂x2n−i} > 0, ∀x_{n−i}. Thus, function f(x_1, . . . , x_{n−i}) is minimized in respect to the value of x_{n−i} when^{∂f}_{∂xn−i} = 0 ⇒ x_{n−i} = �_c

x_1×···×x_{n−i−1}

� 1_{i+1}

. For this value of x_{n−i} we can write that

f(x_1, . . . , x_{n−i−1}) = x_1 + · · · + x_{n−i−1} + (i + 1) � c x_1 × · · · × x_{n−i−1}

� 1_{i+1} . If we continue the elimination of the variables in this way, we conclude that the minimization of f is achieved when x_1 = c^{1n} . After a backwards substitution of the variables in the expressions x_{n−i} =

�_c

x_1×···×x_{n−i−1}

� 1_{i+1} we conclude that the minimum value of

f(x_1, . . . , x_n) = x_1 + · · · + x_n

is achieved when x_1 = · · · = x_n = c^{1n} . ⊣

Lemma C.3 Function

f(x_1, . . . , x_n) = a_1 x_1

+ · · · + a_n x_n , where x_1 ×· · ·×x_n = c, a_1, . . . , a_n are positive constants and x_1, . . . , x_n are positive, is minimized

when

x_i = a_i � c a_1 × · · · × a_n

� 1_n

, i = 1, . . . , n

Proof: It holds that^{a1}_{x1} × · · · ×^{an}_{xn} =^{a1×···×an}_c =constant. Thus, according to Lemma C.2,

function f(x_1, . . . , x_n) is minimized when^{a1}_{x1} = · · · =^{an}_{xn} =

�_{a1×···×an} c � 1_n ⇒ x_i = a_i

�_c

a_1×···×a_n

� 1_n , i = 1, . . . , n. ⊣

Lemma C.4 If a ∈ Z and b, c ∈ N^∗, it holds that

⌈ ⌈^a_b ⌉ c ⌉ = ⌈ a bc ⌉ (C.2) and

⌊ ⌊^a_b ⌋ c ⌋ = ⌊ a bc ⌋ (C.3)

Proof: There is a pair of x ∈ Z, y ∈ N such that a = bcx − y and 0 ≤ y ≤ bc − 1. Thus, it holds that ⌈ a bc ⌉ = ⌈ bcx − y bc ⌉ = x

In addition, there is a pair of y_1, y_2 ∈ N such that y = by_1 + y_2 and 0 ≤ y_1 ≤ c − 1, 0 ≤ y_2 ≤ b − 1. Thus, it holds that ⌈ ⌈^a_b ⌉ c ⌉ = ⌈

⌈^{bcx−by1−y2}_b ⌉ c ⌉ = ⌈ cx − y_1 c ⌉ = x

Thus, formula (C.2) is valid.

Similarly, there is a pair of w ∈ Z, z ∈ N such that a = bcw + z and 0 ≤ z ≤ bc − 1. Thus, it holds that ⌊ a bc ⌋ = ⌊ bcw + z bc ⌋ = w

In addition, there is a pair of z_1, z_2 ∈ N such that z = bz_1 + z_2 and 0 ≤ z_1 ≤ c − 1, 0 ≤ z_2 ≤ b − 1. Thus, it holds that ⌊ ⌊^a_b ⌋ c ⌋ = ⌊

⌊^{bcw+bz1+z2}_b ⌋ c ⌋ = ⌊ cw + z_1 c ⌋ = w

Thus, formula (C.3) is valid. ⊣

Lemma C.5 If a ∈ Z and b ∈ N^∗, it holds that

⌊ a − 1 b ⌋ = ⌈ a b ⌉ − 1 (C.4)

Proof: There is a pair of x ∈ Z, y ∈ N such that a = bx − y and 0 ≤ y ≤ b − 1. Thus, it holds that ⌈ a b ⌉ − 1 = ⌈ bx − y b ⌉ − 1 = x − 1

In addition, since 0 ≤ b − y − 1 ≤ b − 1, it holds that ⌊ a − 1 b ⌋ = ⌊ bx − y − 1 b ⌋ = ⌊ b(x − 1) + (b − y − 1)) b ⌋ = x − 1 ⊣

Lemma C.6 If a ∈ Z and b ∈ N^∗, it holds that

−⌊ a b ⌋ = ⌈− a b ⌉ (C.5)

180 Simple Mathematical Formulas

Proof: There is a pair of x ∈ Z, y ∈ N such that a = bx + y and 0 ≤ y ≤ b − 1. Thus, it holds that −⌊ a b ⌋ = −⌊ bx + y b ⌋ = −x

In addition, it holds that ⌈− a b ⌉ = ⌈

−bx − y b ⌉ = −x ⊣

Lemma C.7 If a, b ∈ N^∗, it holds that

⌈ a ⌈^a_b ⌉

⌉ ≤ b (C.6)

Proof: There is a pair of x, y ∈ N such that a = bx − y and 0 ≤ y ≤ b − 1. Thus, it holds that ⌈ a ⌈^a_b ⌉

⌉ = ⌈ a x ⌉ = b + ⌈ −y x ⌉^{(C.5)}= b − ⌊ y x ⌋ ≤ b ⊣

Lemma C.8

a_1 + a_1 n� i=2 � (a_i − 1) n� k=i+1

a_k � = n� i=1 a_i (C.7)

Proof:

a_1 + a_1 [(a_2 − 1)a_3 . . . a_n + (a_3 − 1)a_4 . . . a_n + · · · + (a_{n−2} − 1)a_{n−1}a_n + (a_{n−1} − 1)a_n + a_n − 1] = = a_1 + a_1 [(a_2 − 1)a_3 . . . a_n + (a_3 − 1)a_4 . . . a_n + · · · + (a_{n−2} − 1)a_{n−1}a_n + a_{n−1}a_n − 1] = = a_1 + a_1 [(a_2 − 1)a_3 . . . a_n + (a_3 − 1)a_4 . . . a_n + · · · + a_{n−2}a_{n−1}a_n − 1] = = · · · = = a_1 + a_1 [a_2a_3 . . . a_n − 1] = a_1a_2 . . . a_n ⊣

Bibliography

[ABR96] R. Andonov, H. Bourzou˛, and S. Rajopadhye. Two-Dimensional Orthogonal Tiling: from Theory to Practice. In Proceedings of the 1996 International Conference on High-Performance Computing (HiPC’96), pages 225{231, Trivandrum, India, Dec. 1996.

[ABRY03] R. Andonov, S. Balev, S. Rajopadhye, and N. Yanev. Optimal Semi-Oblique Tiling. IEEE Transactions on Parallel and Distributed Systems, 14(9):944{960, Sep. 2003.

[ACN^+00] R. Andonov, P. Calland, S. Niar, S. Rajopadhye, and N. Yanev. First Steps Towards Optimal Oblique Tile Sizing. In 8th International Workshop on Compilers for Parallel Computers, pages 351{366, Aussois, Jan. 2000.

[AI91] C. Ancourt and F. Irigoin. Scanning Polyhedra with DO Loops. In Proceedings of the Third ACM SIGPLAN Symposium on Principles & Practice of Parallel Programming (PPoPP), pages 39{50, Williamsburg, VA, April 1991.

[AK04] E. Athanasaki and N. Koziris. Fast Indexing for Blocked Array Layouts to Improve Multi-Level Cache Locality. In Proceedings of the 8-th Workshop on Interaction between Compilers and Computer Architectures (INTERACT’04), pages 109{119, Madrid, Spain, Feb. 2004. Held in conjunction with HPCA-10.

[AKK03] M. Athanasaki, E. Koukis, and N. Koziris. E‹cient Scheduling of Tiled Iteration Spaces onto a Fixed Size Parallel Architecture. In Proceedings of the 9th Panhellenic Conference in Informatics, pages 178{192, Thessaloniki, Greece, Nov. 2003.

[AKK04] M. Athanasaki, E. Koukis, and N. Koziris. Scheduling of Tiled Nested Loops onto a Cluster with a Fixed Number of SMP Nodes. In Proceedings of the 12-th Euromicro Conference on Parallel, Distributed and Network based Processing (PDP04), pages 424{433, A Coruna, Spain, Feb. 2004. IEEE Computer Society Press.

[AKN95] A. Agarwal, D. Kranz, and V. Natarajan. Automatic Partitioning of Parallel Loops and Data Arrays for Distributed Shared-Memory Multiprocessors. IEEE Transactions on Parallel and Distributed Systems, 6(9):943{962, 1995.

[AKPT99] T. Andronikos, N. Koziris, G. Papakonstantinou, and P. Tsanakas. Optimal Scheduling for UET/UET-UCT Generalized N-Dimensional Grid Task Graphs. Journal of Parallel and Distributed Computing, 57(2):140{165, May 1999.

[AKPT00] T. Andronikos, N. Koziris, G. Papakonstantinou, and P. Tsanakas. Optimal Scheduling for UET-UCT Grids Into Fixed Number of Processors. In Proceedings of 8th Euromicro Workshop on Parallel and Distributed Processing (PDP2000), IEEE Press, pages 237{243, Rhodes, Greece, Jan. 2000.

[AKT05] E. Athanasaki, N. Koziris, and P. Tsanakas. A Tile Size Selection Analysis for Blocked Array Layouts. In Proceedings of the 9-th Workshop on Interaction between Compilers and Computer Architectures (INTERACT’05), pages 70{80, San Francisco, CA, Feb. 2005. Held in conjunction with HPCA-11.

[AL93] S. P. Amarasinghe and M. S. Lam. Communication Optimization and Code Generation for Distributed Memory Machines. In Proceedings of the ACM SIGPLAN Conference on Programming Language Design and Implementation (PLDI’93), Albuquerque, New Mexico, USA, June 1993.

[AMC97] V. Adve and J. Mellor-Crummey. Advanced Code Generation for High Performance Fortran. In Languages, Compilation Techniques and Run Time Systems for Scalable Parallel Systems, chapter 18, Lecture Notes in Computer Science Series. Springer- Verlag, 1997.

[AMP00a] N. Ahmed, N. Mateev, and K. Pingali. Synthesizing Transformations for Locality Enhancement of Imperfectly-nested Loop Nests. In Proceedings of the 14th International Conference on Supercomputing (ICS2000), pages 141{152, Santa Fe, New Mexico, United States, 2000.

[AMP00b] N. Ahmed, N. Mateev, and K. Pingali. Tiling Imperfectly-nested Loop Nests. In Proceedings of the 2000 ACM/IEEE Conference on Supercomputing, Dallas, Texas, United States, 2000.

[AST^+05] M. Athanasaki, A. Sotiropoulos, G. Tsoukalas, N. Koziris, and P. Tsanakas. Hyperplane Grouping and Pipelined Schedules: How to Execute Tiled Loops Fast on Clusters of SMPs. The Journal of Supercomputing, 33(3):197{226, Sep. 2005.

[ASTK02a] M. Athanasaki, A. Sotiropoulos, G. Tsoukalas, and N. Koziris. A Pipelined Execution of Tiled Nested Loops on SMPs with Computation and Communication

Overlapping. In Proceedings of the Workshop on Compile/Runtime Techniques for Parallel Computing, in conjunction with 2002 International Conference on Parallel Processing (ICPP-2002), pages 559{567, Vancouver, Canada, Aug. 2002.

[ASTK02b] M. Athanasaki, A. Sotiropoulos, G. Tsoukalas, and N. Koziris. Pipelined Scheduling of Tiled Nested Loops onto Clusters of SMPs using Memory Mapped Network Interfaces. In Proceedings of the 2002 ACM/IEEE conference on Supercomputing (SC2002), Baltimore, Maryland, Nov. 2002. IEEE Computer Society Press.

[Ban88] Uptal Banerjee. Dependence Analysis for Supercomputing. Kluwer Academic Publishers, 1988.

[Ban93] Uptal Banerjee. Loop Transformations for Restructuring Compilers, pages 81{92. Kluwer Academic Publishers, 1993.

[Ban94] Uptal Banerjee. Loop Parallelization. Kluwer Academic Publishers, 1994.

[BDRR94] P. Boulet, A. Darte, T. Risset, and Y. Robert. (Pen)-ultimate tiling? INTEGRA- TION, The VLSI Jounal, 17:33{51, 1994.

[BDRV99] P. Boulet, J. Dongarra, Y. Robert, and F. Vivien. Static Tiling for Heterogeneous Computing Platforms. Parallel Computing, 25:547{568, 1999.

[Ber66] A. Bernstein. Analysis of Programs for Parallel Programming. IEEE Transactions on Computers, 15(5):757{763, Oct. 1966.

[Blu96] M. Blumrich. Network Interface for Protected, User-Level Communication. PhD thesis, Princeton University, April 1996.

[BW95] A.J.C. Bik and H.A.G. Wijsho¸. Implementation of Fourier-Motzkin Elimination. In First Annual Conference of the ASCI, pages 377{386, The Netherlands, 1995.

[CDR97] P. Y. Calland, J. Dongarra, and Y. Robert. Tiling with Limited Resources. In Application Specific Systems, Architectures, and Processors, ASAP’97, pages 229{ 238. IEEE Computer Society Press, July 1997. Extended version available on the web at http://www.ens-lyon.fr/∼yrobert.

[CDRV98] P. Y. Calland, A. Darte, Y. Robert, and F. Vivien. On the Removal of Anti and Output Dependences. International Journal of Parallel Programming, 26(2):285{ 312, 1998.

[CKE^+04] G. S. Choi, J.-H. Kim, D. Ersoz, A. B. Yoo, and C. R. Das. Coscheduling in Clusters: Is It a Viable Alternative? In Proceedings of the 2004 ACM/IEEE conference on Supercomputing (SC2004), Pittsburgh, PA, USA, Nov. 2004.

[CMZ92] B. Chapman, P. Mehrotra, and H. Zima. Programming in Vienna Fortran. In Proceedings of the Third Workshop on Compilers for Parallel Computers, pages 121{160, July 1992.

[CS99] David E. Culler and Jaswinder Pal Singh. Parallel Computer Architecture - A Hardware/Software Approach. Morgan Kaufmann, 1999.

[CTHI98] F. O’ Carroll, H. Tezuka, A. Hori, and Y. Ishikawa. The Design and Implementation of Zero Copy MPI Using Commodity Hardware with a High Performance Network. In Proceedings of the International Conference on Supercomputing, pages 243{249, Melbourne, Australia, 1998.

[CZL95] M. Cierniak, M. Zaki, and W. Li. Loop Scheduling for Heterogeneity. In Proceedings of the 4th IEEE International Symposium on High Performance Distributed Computing (HPDC’95), pages 78{85, Washington D.C., Aug. 1995.

[CZL97] M. Cierniak, M. Zaki, and W. Li. Compile-Time Scheduling Algorithms for a Heterogeneous Network of Workstations. The Computer Journal, 40(6):356{372, 1997.

[DDRR97] F. Desprez, J. Dongarra, F. Rastello, and Y. Robert. Determining the Idle Time of a Tiling: New Results. Journal of Information Science and Engineering, 14:167{190, March 1997.

[DGAK03] N. Drosinos, G. Goumas, M. Athanasaki, and N. Koziris. Delivering High Performance to Parallel Applications Using Advanced Scheduling. In Proceedings of the Parallel Computing 2003 (ParCo 2003), Dresden, Germany, Sep. 2003.

[DGK^+00] I. Drossitis, G. Goumas, N. Koziris, G. Papakonstantinou, and P. Tsanakas. Evaluation of Loop Grouping Methods based on Orthogonal Projection Spaces. In Proceedings of the International Conference on Parallel Processing, pages 469{476, Toronto, Canada, Aug. 2000.

[DK04] N. Drosinos and N. Koziris. Performance Comparison of Pure MPI vs Hybrid MPI-OpenMP Parallelization Models on SMP Clusters. In Proceedings of the 18th International Parallel and Distributed Processing Symposium 2004 (IPDPS 2004), page 15, Santa Fe, New Mexico, April 2004.

[DRR96] M. Dion, T. Risset, and Y. Robert. Resource-constrained Scheduling of Partitioned Algorithms on Processor Arrays. INTEGRATION, The VLSI Jounal, 20, 1996.

[FHK^+91] G. Fox, S. Hiranandani, K. Kennedy, C. Koelbel, U. Kremer, C. Tseng, and M. Wu. Fortran-D Language Speci˛cation. Technical Report TR-91-170, Dept. of Computer Science, Rice University, Dec. 1991.

[FLV95] A. Fernandez, J. Llaberia, and M. Valero. Loop Transformations Using Nonunimodular Matrices. IEEE Transactions on Parallel and Distributed Systems, 6(8):832{ 840, Aug. 1995.

[GAK02a] G. Goumas, M. Athanasaki, and N. Koziris. Automatic Code Generation for Executing Tiled Nested Loops Onto Parallel Architectures. In Proceedings of the 2002 ACM Symposium on Applied Computing (SAC 2002), pages 876{881, Madrid, Spain, March 2002.

[GAK02b] G. Goumas, M. Athanasaki, and N. Koziris. Code Generation Methods for Tiling Transformations. Journal of Information Science and Engineering, 18(5):667{691, Sep. 2002.

[GAK03] G. Goumas, M. Athanasaki, and N. Koziris. An E‹cient Code Generation Technique for Tiled Iteration Spaces. IEEE Transactions on Parallel and Distributed Systems, 14(10):1021{1034, Oct. 2003.

[GDAK02a] G. Goumas, N. Drosinos, M. Athanasaki, and N. Koziris. Compiling Tiled Iteration Spaces for Clusters. In Proceedings of the 2002 IEEE International Conference on Cluster Computing, pages 360{369, Chicago, Illinois, Sep. 2002.

[GDAK02b] G. Goumas, N. Drosinos, M. Athanasaki, and N. Koziris. Data Parallel Code Generation for Arbitrarily Tiled Nested Loops. In Proceedings of the 2002 International Conference on Parallel and Distributed Processing Techniques and Applications, pages 610{616, Las Vegas, Nevada, USA, June 2002.

[GDAK04] G. Goumas, N. Drosinos, M. Athanasaki, and N. Koziris. Automatic Parallel Code Generation for Tiled Nested Loops. In Proceedings of the 2004 ACM Symposium on Applied Computing (SAC 2004), pages 1412{1419, Nicosia, Cyprus, March 2004.

[Gou03] G. Goumas. Aυτóματη Παραγωγή Παράλληλoυ SPMD Kώδικα για Mϵτασχηματισμoύς Y πϵρκóμβων σϵ Φωλιασμϵ́νoυς Bρóχoυς. PhD thesis, School of Electrical and Computer Engineering, National Technical University of Athens, Dec. 2003.

[GSK01] G. Goumas, A. Sotiropoulos, and N. Koziris. Minimizing Completion Time for Loop Tiling with Computation and Communication Overlapping. In Proceedings of IEEE International Parallel and Distributed Processing Symposium (IPDPS’01), San Francisco, April 2001.

[HCF97] K Hogstedt, L. Carter, and J. Ferrante. Determining the Idle Time of a Tiling. In Principles of Programming Languages (POPL), pages 160{173, Jan. 1997.

[HCF99] K. Hogstedt, L. Carter, and J. Ferrante. Selecting Tile Shape for Minimal Execution time. In ACM Symposium on Parallel Algorithms and Architectures, pages 201{211, 1999.

[HCF03] K Hogstedt, L. Carter, and J. Ferrante. On the Parallel Execution Time of Tiled Loops. IEEE Transactions on Parallel and Distributed Systems, 14(3):307{321, March 2003.

[Hel99] H. Hellwagner. The SCI Standard and Applications of SCI. In H. Hellwagner and A. Reine˛eld, editors, Scalable Coherent Interface (SCI): Architecture and Software for High-Performance Computer Clusters, pages 3{34. Springer-Verlag, Sep. 1999.

[Hol92] E. H. Hollander. Partitioning and Labeling of Loops by Unimodular Transformations. IEEE Transactions on Parallel and Distributed Systems, 3(4):465{476, July 1992.

[HP96] M. Haghighat and C. Polychronopoulos. Symbolic Analysis for Parallelizing Compilers. ACM Transactions on Programming Languages and Systems, 18(4):477{518, July 1996.

[HP03] J. Hennessy and D. Patterson. Computer Architecture - A Quantitative Approach. Morgan Kaufmann Publishers, San Francisco, CA, 3rd edition, 2003.

[HS98] E. Hodzic and W. Shang. On Supernode Transformation with Minimized Total Running Time. IEEE Transactions on Parallel and Distributed Systems, 9(5):417{ 428, May 1998.

[HS02] E. Hodzic and W. Shang. On Time Optimal Supernode Shape. IEEE Transactions on Parallel and Distributed Systems, 13(12):1220{1233, Dec. 2002.

[ID98] S. Ioannidis and S. Dwarkadas. Compiler and Run-Time Support for Adaptive Load Balancing in Software Distributed Shared Memory Systems. In Proceedings of the 4th International Workshop on Languages, Compilers, and Run-Time Systems for Scalable Computers (LCR’98), pages 107{122, Pittsburgh, PA, USA, May 1998.

[IT88] F. Irigoin and R. Triolet. Supernode Partitioning. In Proceedings of the 15th Ann. ACM SIGACT-SIGPLAN Symp. Principles of Programming Languages, pages 319{329, San Diego, California, Jan. 1988.

[Jim99] M. Jimenez. Multilevel Tiling for Non-Rectangular Iteration Spaces. PhD thesis, Universitat Politecnica de Catalunia, 1999.

[KCN91] C.-T. King, W.-H. Chou, and L. Ni. Pipelined Data-Parallel Algorithms: Part II Design. IEEE Transactions on Parallel and Distributed Systems, 2(4):430{439, Oct. 1991.

[KCRB03] M. Kandemir, A. Choudhary, J. Ramanujam, and P. Banerjee. Reducing False Sharing and Improving Spatial Locality in a Uni˛ed Compilation Framework. IEEE Transactions on Parallel and Distributed Systems, 14(4):337{354, April 2003.

[KMP^+95] W. Kelly, V. Maslov, W. Pugh, E. Rosser, T. Shpeisman, and D. Wonnacott. The Omega Library Interface Guide. Technical Report CS-TR-3445, CS Dept., Univ. of Maryland, College Park, March 1995.

[KP96] T. Kim and J. Purtilo. Load Balancing for Parallel Loops in Workstation Clusters. In Proceedings of the 1996 International Conference on Parallel Processing (ICPP ’96), Bloomingdale, Illinois, Aug. 1996.

[KRC99] M. Kandemir, J. Ramanujam, and A. Choudary. Improving Cache Locality by a Combination of Loop and Data Transformations. IEEE Transactions on Computers, 48(2):159{167, Feb. 1999.

[KSG03] N. Koziris, A. Sotiropoulos, and G. Goumas. A Pipelined Schedule to Minimize Completion Time for Loop Tiling with Computation and Communication Overlapping. Journal of Parallel and Distributed Computing, 63(11):1138{1151, Nov. 2003.

[Kul98] D. Kulkarni. Transformations for Improving Data Access Locality in Non-Perfectly Nested Loops. In Proceedings of 1998 International Conference on Parallel Architectures and Compilation Techniques (PACT’98), pages 314{321, Paris, France, 1998.

[Li93] W. Li. Compiling for NUMA Parallel Machines. PhD thesis, Cornell Univ., Ithaca, New York, 1993.

[LL98] A. Lim and M. Lam. Maximizing parallelism and minimizing synchronization with a‹ne partitions. Parallel Computing, 24:445{475, May 1998.

[LLL01] A. Lim, S. Liao, and M. Lam. Blocking and Array Contraction Across Arbitrarily Nested Loops Using A‹ne Partitioning. In Proceedings of the 8th ACM SIGPLAN symposium on Principles and Practices of Parallel Programming (PPoPP’01), pages 103{112, Snowbird, Utah, United States, 2001.

[LRW91] M. Lam, E. Rothberg, and M. Wolf. The Cache Performance and Optimizations of Blocked algorithms. In Second International Conference on Architectural Support for Programming Languages and Operating Systems (ASPLOS), pages 63{74, Santa Clara, California, April 1991.

[MA01] N. Manjikian and T. S. Abdelrahman. Exploiting Wavefront Parallelism on Large- Scale Shared-Memory Multiprocessors. IEEE Transactions on Parallel and Distributed Systems, 12(3):259{271, March 2001.

[MHCF98] N. Mitchell, K. Hogsted, L. Carter, and J. Ferrante. Quantifying the Multi-Level Nature of Tiling Interactions. International J. Parallel Programming, 1998.

[ML94] E. P. Markatos and T. J. LeBlanc. Using Processor A‹nity in Loop Scheduling on Shared-Memory Multiprocessors. IEEE Transactions on Parallel and Distributed Systems, 5(4):379{400, April 1994.

[Mor98] P. Morin. Coarse Grained Parallel Computing on Heterogeneous Systems. In Proceedings of the 1998 ACM Symposium on Applied Computing (SAC’98), pages 628{634, Atlanta, Georgia, United States, 1998.

[MPI94] Message Passing Interface Forum MPIF. A Message-Passing Interface Standard. Technical Report ut-cs-94-230, University of Tennessee, Knoxville, TN, USA, 1994.

[MPI97] Message Passing Interface Forum MPIF. MPI-2: Extensions to the Message-Passing Interface. Technical report, University of Tennessee, Knoxville, TN, USA, July 1997.

[Myr02] Myricom. GM: A Message-Passing System for Myrinet Networks, 2002. http: //www.myri.com/scs/GM/doc/html.

[OSKO95] H. Ohta, Y. Saito, M. Kainaga, and H. Ono. Optimal Tile Size Adjustment in Compiling General DOACROSS Loop Nests. In International Conference on Supercomputing, pages 270{279, New York, 1995. ACM Press.

[PB99] S. Pande and T. Bali. A Computation+Communication Load Balanced Loop Partitioning Method for Distributed Memory Systems. Journal of Parallel and Distributed Computing, 58:515{545, 1999.

[PC89] J. Peir and R. Cytron. Minimum Distance: A Method for Partitioning Recurrences for Multiprocessors. IEEE Transactions on Computers, 38(8):1203{1211, Aug. 1989.

[PH94] D. Patterson and J. Hennessy. Computer Organization & Design. The Hardware/Software Interface. Morgan Kaufmann Publishers, San Francisco, CA, 1994.

[PHP03] N. Park, B. Hong, and V. Prasanna. Tiling, Block Data Layout and Memory Hierarchy Performance. IEEE Transactions on Parallel and Distributed Systems, 14(7):640{654, July 2003.

[PTK98] G. Papakonstantinou, P. Tsanakas, and N. Koziris. Aπϵικóνιση Aλγoρίθμων σϵ Aρχιτϵκτoνικϵ́ς Παράλληλης Eπϵξϵργασίας, page 33. Παπασωτηρίoυ - EΠIΣEY/EMΠ, Athens, Greece, 1998.

[Pug92] William Pugh. The Omega Test: A fast and Practical Integer Programming Algorithm for Dependence Analysis. Communications of the ACM, 35(8):102{114, Aug. 1992.

[PW86] D. Padua and W. Wolfe. Advanced Compiler Optimizations for Supercomputers. Communications of the ACM, 29(12), 1986.

[Ram92] J. Ramanujam. Non-Unimodular Loop Transformations of Nested Loops. In Supercomputing 92, pages 214{223, Minneapolis, Nov. 1992.

[Ram95] J. Ramanujam. Beyond Unimodular Transformations. Journal of Supercomputing, 9(4):365{389, Oct. 1995.

[RR02] F. Rastello and Y. Robert. Automatic Partitioning of Parallel Loops with Parallelepiped-Shaped Tiles. IEEE Transactions on Parallel and Distributed Systems, 13(5):460{470, May 2002.

[RR04] L. Renganarayana and S. Rajopadhye. A Geometric Programming Framework for Optimal Multi-Level Tiling. In Proceedings of the 2004 ACM/IEEE conference on Supercomputing (SC2004), Pittsburgh, PA USA, Nov. 2004.

[RRP03] F. Rastello, A. Rao, and S. Pande. Optimal task scheduling at run time to exploit intra-tile parallelism. Parallel Computing, 29(2):209{239, 2003.

[RS92] J. Ramanujam and P. Sadayappan. Tiling Multidimensional Iteration Spaces for Multicomputers. Journal of Parallel and Distributed Computing, 16:108{120, 1992.

[Sak97] R. Sakellariou. A Compile-Time Partitioning Strategy for Non-Rectangular Loop Nests. In Proceeding of the 1997 International Parallel Processing Symposium (IPPS97), 1997.

[SC95] J.-P. Sheu and T.-S. Chen. Partitioning and Mapping Nested Loops for Linear Array Multicomputers. Journal of Supercomputing, 9:183{202, 1995.

[SF91] W. Shang and J.A.B. Fortes. Time Optimal Linear Schedules for Algorithms with Uniform Dependences. IEEE Transactions on Computers, 40(6):723{742, June 1991.

[SF92] W. Shang and J.A.B. Fortes. Independent Partitioning of Algorithms with Uniform Dependencies. IEEE Transactions on Computers, 41(2):190{206, Feb. 1992.

[SG97] R. Sakellariou and J. R. Gurd. Compile-Time Minimization of Load Imbalance in Loop Nests. In Proceeding of the 1997 International Conference on Supercomputing (ICS97), Vienna, Austria, 1997.

[SL99] Y. Song and Z. Li. New Tiling Techniques to Improve Cache Temporal Locality. In Proceedings of the ACM SIGPLAN 1999 Conference on Programming Language Design and Implementation (PLDI’99), pages 215{228, Atlanta, Georgia, United States, 1999.

[SLR^+95] E. Su, A. Lain, S. Ramaswamy, D. J. Palermo, E. W. Hodges, and P. Banerjee. Advanced Compilation Techniques in the PARADIGM Compiler for Distributed Memory Multicomputers. In Proceedings of the ACM International Conference on Supercomputing (ICS), Madrid, Spain, July 1995.

[Sot04] A. Sotiropoulos. Aπoδoτική Aξιoπoίηση Σύγχρoνων Δικτυακών T ϵχνoλoγιών στην Παράλληλη Eκτϵ́λϵση Υπoλoγισμών σϵ Συστoιχίϵς Υπoλoγιστών Υψηλών Eπιδóσϵων. PhD thesis, School of Electrical and Computer Engineering, National Technical University of Athens, Feb. 2004.

[ST91] J.-P. Sheu and T.-H. Tai. Partitioning and Mapping Nested Loops on Multiprocessor Systems. IEEE Transactions on Parallel and Distributed Systems, 2(4):430{439, Oct. 1991.

[STK02] A. Sotiropoulos, G. Tsoukalas, and N. Koziris. Enhancing the Performance of Tiled Loop Execution onto Clusters using Memory Mapped Network Interfaces and Pipelined Schedules. In Proceedings of the 2002 Workshop on Communication Architecture for Clusters (CAC’02), International Parallel and Distributed Processing Symposium (IPDPS’02), Fort Lauderdale, Florida, April 2002.

[TKP00] P. Tsanakas, N. Koziris, and G. Papakonstantinou. Chain Grouping: A Method for Partitioning Loops onto Mesh-Connected Processor Arrays. IEEE Transactions on Parallel and Distributed Systems, 11(9):941{955, Sep. 2000.

[TLH94] J. Torrellas, H. Lam, and J. Hennessy. False Sharing and Spatial Locality in Multiprocessor Caches. IEEE Transactions on Computers, 43(6):651{663, June 1994.

[TN93] T. Tzen and L. Ni. Trapezoid Self-Scheduling: A Practical Scheduling Scheme for Parallel Compilers. IEEE Transactions on Parallel and Distributed Systems, 4(1):87{98, Jan. 1993.

[TOP] Top500 list for november 2004. http://www.top500.org/lists/2004/11/.

[TX00] P. Tang and J. Xue. Generating E‹cient Tiled Code for Distributed Memory Machines. Parallel Computing, 26(11):1369{1410, 2000.

[WL91a] M. Wolf and M. Lam. A Data Locality Optimizing Algorithm. In ACM SIGPLAN’91 Conference on Programming Language Design and Implementation (PLDI), Toronto, Ontario, June 1991.

[WL91b] M. Wolf and M. Lam. A Loop Transformation Theory and an Algorithm to Maximize Parallelism. IEEE Transactions on Parallel and Distributed Systems, 2(4):452{471, Oct. 1991.

[XC02] J. Xue and W. Cai. Time-minimal Tiling when Rise is Larger than Zero. Parallel Computing, 28(6):915{939, 2002.

[Xue94] J. Xue. Automatic Non-unimodular Loop Transformations for Massive Parallelism. Parallel Computing, 20(5):711{728, 1994.

[Xue96] J. Xue. A‹ne-by-Statement Transformations of Imperfectly Nested Loops. In Proceedings of the 10th International Parallel Processing Symposium (IPPS’96), pages 34{38, Honolulu, Hawaii, Apr. 1996.

[Xue97a] J. Xue. Communication-Minimal Tiling of Uniform Dependence Loops. Journal of Parallel and Distributed Computing, 42(1):42{59, 1997.

[Xue97b] J. Xue. On Tiling as a Loop Transformation. Parallel Processing Letters, 7(4):409{ 424, 1997.

[Xue00] Jingling Xue. Loop Tiling for Parallelism. Kluwer Academic Publishers, 2000.

[ZLP97] M. Zaki, W. Li, and S. Parthasarathy. Customized Dynamic Load Balancing for a Network of Workstations. Journal of Parallel and Distributed Computing, 43(2):156{162, June 1997.